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Outline

• The planet-diversity revolution:
from super-earths to brown dwarfs

• Limitations to the exploration of planet’s density
• Planet statistics
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Transiting exoplanets = 
comparative planetology

MassRadius

Bulk density
Mass-radius relationships of rocky exoplanets 3

Figure 1. Mass-radius diagram for planets with different bulk compositions compared to cur-
rently known low-mass exoplanets in Earth units. We divide equilibrium surface temperatures
into three domains from 500 to 1000 K; 1000 to 1500 K; and 1500 to 2000 K. While the solid
curves denote homogeneous, self-compressible solid spheres of water ice, silicate rock, and iron,
respectively, the dashed curves exhibit differentiated models of intermediate bulk compositions.

Because of the large compression ratios involved, those are substantially less than β = 1/3
in case of a homogeneous density distribution.
The mean density of a spherical planet is given by

ρ̄ =
3

4π

Mp

R3
p

, (2.5)

where, in general, mass Mp and radius Rp of planets transiting their host stars are
provided independently from each other by radial velocity and photometric observations.
We therefore employ an error propagation analysis according to

∆ρ̄ =

[

(

∂ρ̄

∂Mp

)2

∆Mp
2 +

(

∂ρ̄

∂Rp

)2

∆Rp
2

]
1
2

(2.6)

and obtain, upon substitution of the radius-mass relationship given in eq. 2.1, the prop-
agated relative error in mean density

∆ρ̄

ρ̄
=

[

1 + 9β2

2

(

∆Mp

Mp

)2

+
9 + β−2

2

(

∆Rp

Rp

)2
]

1
2

(2.7)

as a function of the scaling law exponent β and the observational uncertainties of the mass
and radius determinations. The latter can be expressed in terms of some key observables,
namely

∆K∗

K∗
=
∆Mp

Mp
;

∆δ∗

δ∗
= 2

∆Rp

Rp
, (2.8)

whereK∗ and δ∗ denote radial velocity semi-amplitude and transit depth of the host star,
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Know the mass & density:
know the nature

(rocky, Neptune-like, giant, brown dwarf, ...)
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Characterize the mass:
the two main techniques

Radial velocity Transit Timing Variations

+ phase variations (ellipsoidal, beaming)

Spectrographs:
SOPHIE, HARPS, HARPS-N, HiReS, HET, ...
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M. Deleuil et al.: CoRoT-Exo-3b: first transiting close-in substellar object 895

Fig. 9. Stellar evolutionary tracks from the STAREVOL models for
masses in the range 1.30 to 1.44 M! for the measured metallicity
[M/H] = −0.02, shown with the parameters derived from the observa-
tions: Teff and M1/3

! /R!.

To determine the mass and radius of the parent star we used
the same methodology as for the two first CoRoT planets (Barge
et al. 2008; Bouchy et al. 2008), i.e. we used Teff and [M/H]
from the spectroscopic analysis and M1/3

! /R! from the light
curve analysis which provides a better estimate of the fundamen-
tal parameters, thanks to the good quality of the CoRoT light
curve. From a comparison with evolutionary models as shown
in Fig. 9, we can constrain the fundamental parameters of the
parent star. In this study, we mainly relied on STAREVOL (Siess
2006; Palacios, private communication) stellar evolution mod-
els to derive the stars precise parameters. We also compared
these with the results obtained using CESAM (Morel & Lebreton
2007) and we found that both stellar evolution model tracks were
in agreement. The details of the comparison between the differ-
ent models will be presented in a forthcoming paper. We find the
stellar mass to be M! = 1.37 ± 0.09 M! and the stellar radius
R! = 1.56 ± 0.09 R!, with an age in the range 1.6−2.8 Gyr. This
infers a surface gravity of log g = 4.24 ± 0.07, which is in good
agreement with the spectroscopic result of log g = 4.22 ± 0.07,
and implies that the correction due to NLTE effects is indeed
relevant.

In a final step, we calculated the distance to the star. We used
the physical parameters of the star we derived and its colors to
estimate the reddening. Using the extinction law from Rieke &
Lebofsky (1985), we found the absorption AV = 0.52 ± 0.5 mag,
yielding a distance of 680 ± 160 pc. We checked that the value
of the extinction we derived is consistent with strong saturated
Na  (D1) and (D2) interstellar lines as well as reddening maps of
Schlegel et al. (1998) which give a maximum absorption towards
our target of 1 mag.

We also investigated the possibility of a physical associa-
tion between CoRoT-Exo-3 and the nearby brightest companion
at 5.6′′. Given our estimated distance to the star, the range of
possible extinction on the line of sight, and the apparent visual
magnitude of the contaminant (V = 16.46 ± 0.07) we derived
an absolute visual magnitude MV = 6.8 ± 0.5, consistent with a
K-type star. We compared the colors of the contaminant we cal-
culated from our ground-based observations and 2-MASS pho-
tometry (Table 1) with those predicted for a star of this spec-
tral type. We found that within the precision of the different
parameters, a physical association could not be excluded. In that
case, their separation would be about 3800 AU and the orbital
period of the companion would be ∼235 000 years. On the other

Table 6. CoRoT-Exo-3b parameters.

Mass (MJup) 21.66 ± 1.0
Radius (RJup) 1.01 ± 0.07
density (g cm−3) 26.4 ±5.6
log g 4.72 ± 0.07

Fig. 10. Mass-radius diagram for all transiting planets and low-mass
M stars with theoretical isochrones at 10 and 1 Gyr from Baraffe et al.
(2003) overplotted.

hand, according to the UCAC2 catalogue (Zacharias et al. 2004),
CoRoT-Exo-3 displays a proper motion while none is detected
for the companion. This non detection would hence rather favor
a background star. Given our current knowledge we can not draw
a firm conclusion about the possibility of binarity for CoRoT-
Exo-3. More complementary observations are required.

4. CoRoT-exo-3b parameters and discussion

4.1. Nature of CoRoT-exo-3b

Using the stellar properties determined in the previous section
and the characteristics of the transiting body as derived from
the transit and the radial velocity fits, we derive a mass of the
companion of Mp = 21.66 ± 1.0 MJup, a radius Rp = 1.01 ±
0.07 RJup, an inferred density of ρ = 26.4 ± 5.6 g cm−3, and a sur-
face gravity of log g = 4.72 ± 0.07 (Table 6). With such proper-
ties, CoRoT-Exo-3b clearly distinguishes itself from the regular
close-in extrasolar planet population. In a mass-radius diagram,
the position of CoRoT-Exo-3b is well inside the gap in mass be-
tween planetary and low-mass star companions (Fig. 10).

Traditionally, a planet has been defined as an object lighter
than 13 MJup, as such objects are supposed not to have an internal
nuclear source of energy (Deuterium burning). From this point
of view, CoRoT-Exo-3b is definitely a brown-dwarf. Indeed, in
this low mass range, models predict an almost constant Jupiter-
size radius (Baraffe et al. 2003). As illustrated in Fig. 10, CoRoT-
Exo-3b parameters are in good agreement with the expected
mass-radius relationship on the low-mass tail of these substel-
lar objects.

Another definition makes use of the formation scenario: a
planet is formed by core accretion of dust/ices in a protoplane-
tary disk, while a brown-dwarf is formed by collapse of a dense
molecular gas cloud. In that case, the separation between the
brown-dwarf and planet population is blurrier since a planet,
starting with a solid core, can end up with a gaseous envelope as
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M. Deleuil et al.: CoRoT-Exo-3b: first transiting close-in substellar object 895

Fig. 9. Stellar evolutionary tracks from the STAREVOL models for
masses in the range 1.30 to 1.44 M! for the measured metallicity
[M/H] = −0.02, shown with the parameters derived from the observa-
tions: Teff and M1/3

! /R!.

To determine the mass and radius of the parent star we used
the same methodology as for the two first CoRoT planets (Barge
et al. 2008; Bouchy et al. 2008), i.e. we used Teff and [M/H]
from the spectroscopic analysis and M1/3

! /R! from the light
curve analysis which provides a better estimate of the fundamen-
tal parameters, thanks to the good quality of the CoRoT light
curve. From a comparison with evolutionary models as shown
in Fig. 9, we can constrain the fundamental parameters of the
parent star. In this study, we mainly relied on STAREVOL (Siess
2006; Palacios, private communication) stellar evolution mod-
els to derive the stars precise parameters. We also compared
these with the results obtained using CESAM (Morel & Lebreton
2007) and we found that both stellar evolution model tracks were
in agreement. The details of the comparison between the differ-
ent models will be presented in a forthcoming paper. We find the
stellar mass to be M! = 1.37 ± 0.09 M! and the stellar radius
R! = 1.56 ± 0.09 R!, with an age in the range 1.6−2.8 Gyr. This
infers a surface gravity of log g = 4.24 ± 0.07, which is in good
agreement with the spectroscopic result of log g = 4.22 ± 0.07,
and implies that the correction due to NLTE effects is indeed
relevant.

In a final step, we calculated the distance to the star. We used
the physical parameters of the star we derived and its colors to
estimate the reddening. Using the extinction law from Rieke &
Lebofsky (1985), we found the absorption AV = 0.52 ± 0.5 mag,
yielding a distance of 680 ± 160 pc. We checked that the value
of the extinction we derived is consistent with strong saturated
Na  (D1) and (D2) interstellar lines as well as reddening maps of
Schlegel et al. (1998) which give a maximum absorption towards
our target of 1 mag.

We also investigated the possibility of a physical associa-
tion between CoRoT-Exo-3 and the nearby brightest companion
at 5.6′′. Given our estimated distance to the star, the range of
possible extinction on the line of sight, and the apparent visual
magnitude of the contaminant (V = 16.46 ± 0.07) we derived
an absolute visual magnitude MV = 6.8 ± 0.5, consistent with a
K-type star. We compared the colors of the contaminant we cal-
culated from our ground-based observations and 2-MASS pho-
tometry (Table 1) with those predicted for a star of this spec-
tral type. We found that within the precision of the different
parameters, a physical association could not be excluded. In that
case, their separation would be about 3800 AU and the orbital
period of the companion would be ∼235 000 years. On the other

Table 6. CoRoT-Exo-3b parameters.

Mass (MJup) 21.66 ± 1.0
Radius (RJup) 1.01 ± 0.07
density (g cm−3) 26.4 ±5.6
log g 4.72 ± 0.07

Fig. 10. Mass-radius diagram for all transiting planets and low-mass
M stars with theoretical isochrones at 10 and 1 Gyr from Baraffe et al.
(2003) overplotted.

hand, according to the UCAC2 catalogue (Zacharias et al. 2004),
CoRoT-Exo-3 displays a proper motion while none is detected
for the companion. This non detection would hence rather favor
a background star. Given our current knowledge we can not draw
a firm conclusion about the possibility of binarity for CoRoT-
Exo-3. More complementary observations are required.

4. CoRoT-exo-3b parameters and discussion

4.1. Nature of CoRoT-exo-3b

Using the stellar properties determined in the previous section
and the characteristics of the transiting body as derived from
the transit and the radial velocity fits, we derive a mass of the
companion of Mp = 21.66 ± 1.0 MJup, a radius Rp = 1.01 ±
0.07 RJup, an inferred density of ρ = 26.4 ± 5.6 g cm−3, and a sur-
face gravity of log g = 4.72 ± 0.07 (Table 6). With such proper-
ties, CoRoT-Exo-3b clearly distinguishes itself from the regular
close-in extrasolar planet population. In a mass-radius diagram,
the position of CoRoT-Exo-3b is well inside the gap in mass be-
tween planetary and low-mass star companions (Fig. 10).

Traditionally, a planet has been defined as an object lighter
than 13 MJup, as such objects are supposed not to have an internal
nuclear source of energy (Deuterium burning). From this point
of view, CoRoT-Exo-3b is definitely a brown-dwarf. Indeed, in
this low mass range, models predict an almost constant Jupiter-
size radius (Baraffe et al. 2003). As illustrated in Fig. 10, CoRoT-
Exo-3b parameters are in good agreement with the expected
mass-radius relationship on the low-mass tail of these substel-
lar objects.

Another definition makes use of the formation scenario: a
planet is formed by core accretion of dust/ices in a protoplane-
tary disk, while a brown-dwarf is formed by collapse of a dense
molecular gas cloud. In that case, the separation between the
brown-dwarf and planet population is blurrier since a planet,
starting with a solid core, can end up with a gaseous envelope as
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RVs: Queloz et al. (2009)
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The planet-diversity 
revolution

RVs: Queloz et al. (2009), Batalha et al. (2010), Pepe et al. (2013), Howard et al. (2013), Marcy et 
al. (2014), Dumusque et al. (2014)

TTVs: Lissauer et al. (2011), Cochran et al. (2011), Gautier et al. (2012), Fabrycky et al. (2012), 
Carter et al. (2012), Gilliland et al. (2013), Nesvorný et al.(2013), Xie (2014)
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TTVs vs RVs ?
TTVs is one of the main revolution of space photometry for the 

characterization of transiting exoplanets
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TTVs vs RVs ?

TTV only

md = 52.1+6.9
�7.1M�

Masuda et al. (2013)

Characterization of the KOI-94 system with TTV analysis 7

TABLE 6
Best-fit parameters obtained from TTV analysis.

Parameter Value (md = 106M⊕) Value (md = 73M⊕) Value (TTV only)
KOI-94c

mc (M⊕) 11.8+1.6
−1.5 13.9+2.7

−2.7 9.4+2.4
−2.1

ec cos!c 0.0329+0.0047
−0.0055 0.0092+0.0264

−0.0050 0.0143+0.0080
−0.0059

ec sin!c −0.0104+0.0038
−0.0042 −0.0031+0.0067

−0.0061 0.0045+0.0091
−0.0079

χ2
c 84 62 56

KOI-94d
md (M⊕) 106 (fixed) 73 (fixed) 52.1+6.9

−7.1

ed cos!d 0.055+0.011
−0.014 −0.016+0.064

−0.011 −0.022+0.014
−0.011

ed sin!d 0.012+0.011
−0.012 0.009+0.018

−0.018 0.008+0.021
−0.018

χ2
d 66 48 43

KOI-94e
me (M⊕) 15.9+2.4

−2.2 12.9+3.0
−2.3 13.0+2.5

−2.1

ee cos!e 0.067+0.014
−0.019 −0.069+0.120

−0.018 −0.078+0.021
−0.014

ee sin!e 0.042+0.012
−0.017 −0.022+0.032

−0.016 −0.025+0.017
−0.014

(χ2
c + χ2

d)/d.o.f 150/57 110/57 99/56
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Fig. 8.— Best-fit simulated TTVs of KOI-94d obtained by the
MCMC fit (black crosses connected with lines) with observed data
(points with error bars). The result for md = 73M⊕ is plotted
with solid lines (in O − C plot) and red points (in residual plot),
and that for md = 106M⊕ with dashed lines and pink points.

the RV best-fit value. This solution is similar to that for
md = 73M⊕ case, except that md is even smaller.

2.4. Discussion: comparison with the RV results

While the values of ed and ee obtained in our TTV
analysis are consistent with the RV values in Table 2,
the best-fit ec obtained from the TTV is ∼ 1.8σ smaller
than the RV best-fit (ec = 0.43± 0.23). Considering the
marginal detection of KOI-94c’s RV and the dynamical
stability of the system, however, the TTV value seems to
be preferred. In fact, this value is robustly constrained
by the clear TTV signal of KOI-94c; in the grid-search
performed in Section 2.2.3, we searched the region where
ec ! 0.14 to fit the TTV of this planet, but the resulting
χ2
c strongly disfavored large ec regions in both md =

106M⊕ and md = 73M⊕ cases.
The TTV values of mc and me are consistent with the

RV results, but me is constrained to a rather lower value
than the RV best-fit. Using this value, along with the
photometric values of Rp/R! and ρ!, and spectroscopic
value of M!, the density of KOI-94e is given by ρe ∼
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Fig. 9.— Best-fit simulated TTV of KOI-94c based on the TTV
data alone (black crosses connected with lines) with observed data
(blue points).
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RV only

The Astrophysical Journal, 768:14 (19pp), 2013 May 1 Weiss et al.
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Figure 6. Radial velocity vs. time from 2012 May onward. Black points are
data with 1σ errors (assuming a stellar jitter of 3.0 m s−1); a circular four-planet
fit is superimposed.

velocity trend. Over a two-year baseline, the median trend was
−0.0125 ± 0.0063 m s−1 day−1, which corresponds to a 3σ
upper limit of −6.9 m s−1 year−1. In the style of Winn et al.
(2010), we compute the mass of an outer perturber based on the
stellar acceleration, γ̇ , assuming the planet induces Newtonian
gravitational acceleration on the star and in the limit MP " M#:
γ̇ = GMP/a

2. To induce a stellar acceleration γ̇ of −6.9 m s−1

year−1 via Newtonian gravity, an outer perturber would need to
satisfy

MP sin i

MJ

( a

10 AU

)−2
= 3.9, (3)

where i is the inclination of the planet’s orbital plane with respect
to the line of sight and MJ is the mass of Jupiter. Thus, with a
significance of 3σ , we can rule out companions more massive
than 3.9 MJ within 10 AU or more massive than 1.0 MJ within
5 AU.

4.2. Eccentric Orbit Solution

The four-planet fit in which we allow eccentricities to float
is the most versatile model. This model has the advantage
of simultaneously fitting the light curve and the RVs, which
measures ρ# (thus refining M# and R#). As demonstrated below,
the values for planet masses in this model agree with the planet
masses determined in the circular orbital solution to within 1σ ,
and so we adopt the parameters from the eccentric solution for
the rest of this work. The phase-folded RVs for the eccentric
orbital solution are shown in Figure 10.

The Kepler photometry and Keck RVs were simultaneously fit
with an orbital model. The model has the following free param-
eters: mean stellar density (ρ#), scaled planetary radius (rn/R∗),
impact parameter (bn), orbital period (Pn), center of transit time
(Tc,n), RV amplitude (Kn), eccentricity (en) and argument of
pericenter (wn) via esin wn and ecos wn. A photometric and RV
zero point were also included. The number (n = 1,2,3,4) corre-
sponds to the parameters for planets b, c, d, and e, respectively.
The transit model uses the quadratic formulae of Mandel & Agol
(2002). Limb-darkening coefficients were fixed in the models
to 0.3236 and 0.3052 as determined from the grid of Claret &
Bloemen (2011). The orbits are modeled with non-interacting
Keplerians.

A best-fit model was initially computed by minimizing χ2

with a Levenberg–Marquardt style algorithm. This model was
used to measure TTVs and to seed an MCMC analysis of the
model parameter space. TTVs were determined by fitting for
each individual transit, fixing all parameters except Tc to their
best-fit values. An updated best-fit model was then computed
using the TTVs to produce a better phased transit for each planet.
The time-series were corrected by computing time corrections
based on a linear interpolation of the TTVs.

Posterior distributions for each model parameter were deter-
mined with an MCMC-style algorithm. This model has been
described in Gautier et al. (2012) and Borucki et al. (2012),
the only difference is that the TTV measurements are included
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Figure 7. One-planet, circular fit to the RVs, phase folded to the period of KOI-94d. The black points are the data (error bars are 1σ ), and the black line is the circular
one-planet fit to the data. The gray points and fit are time-shifted repetitions of the black data points and fit. The red point is the oldest data point (2009); all other data
are from summer 2012.
(A color version of this figure is available in the online journal.)
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TABLE 6
Best-fit parameters obtained from TTV analysis.

Parameter Value (md = 106M⊕) Value (md = 73M⊕) Value (TTV only)
KOI-94c

mc (M⊕) 11.8+1.6
−1.5 13.9+2.7

−2.7 9.4+2.4
−2.1

ec cos!c 0.0329+0.0047
−0.0055 0.0092+0.0264

−0.0050 0.0143+0.0080
−0.0059

ec sin!c −0.0104+0.0038
−0.0042 −0.0031+0.0067

−0.0061 0.0045+0.0091
−0.0079

χ2
c 84 62 56

KOI-94d
md (M⊕) 106 (fixed) 73 (fixed) 52.1+6.9

−7.1

ed cos!d 0.055+0.011
−0.014 −0.016+0.064

−0.011 −0.022+0.014
−0.011

ed sin!d 0.012+0.011
−0.012 0.009+0.018

−0.018 0.008+0.021
−0.018

χ2
d 66 48 43

KOI-94e
me (M⊕) 15.9+2.4

−2.2 12.9+3.0
−2.3 13.0+2.5

−2.1

ee cos!e 0.067+0.014
−0.019 −0.069+0.120

−0.018 −0.078+0.021
−0.014

ee sin!e 0.042+0.012
−0.017 −0.022+0.032

−0.016 −0.025+0.017
−0.014

(χ2
c + χ2

d)/d.o.f 150/57 110/57 99/56
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Fig. 8.— Best-fit simulated TTVs of KOI-94d obtained by the
MCMC fit (black crosses connected with lines) with observed data
(points with error bars). The result for md = 73M⊕ is plotted
with solid lines (in O − C plot) and red points (in residual plot),
and that for md = 106M⊕ with dashed lines and pink points.

the RV best-fit value. This solution is similar to that for
md = 73M⊕ case, except that md is even smaller.

2.4. Discussion: comparison with the RV results

While the values of ed and ee obtained in our TTV
analysis are consistent with the RV values in Table 2,
the best-fit ec obtained from the TTV is ∼ 1.8σ smaller
than the RV best-fit (ec = 0.43± 0.23). Considering the
marginal detection of KOI-94c’s RV and the dynamical
stability of the system, however, the TTV value seems to
be preferred. In fact, this value is robustly constrained
by the clear TTV signal of KOI-94c; in the grid-search
performed in Section 2.2.3, we searched the region where
ec ! 0.14 to fit the TTV of this planet, but the resulting
χ2
c strongly disfavored large ec regions in both md =

106M⊕ and md = 73M⊕ cases.
The TTV values of mc and me are consistent with the

RV results, but me is constrained to a rather lower value
than the RV best-fit. Using this value, along with the
photometric values of Rp/R! and ρ!, and spectroscopic
value of M!, the density of KOI-94e is given by ρe ∼
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Fig. 9.— Best-fit simulated TTV of KOI-94c based on the TTV
data alone (black crosses connected with lines) with observed data
(blue points).
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data alone (black crosses connected with lines) with observed data
(red points).

RV only

The Astrophysical Journal, 768:14 (19pp), 2013 May 1 Weiss et al.

6080 6100 6120 6140 6160 6180
BJD−2450000

−20

−10

0

10

20

30
R

V
 [m

/s
]

Figure 6. Radial velocity vs. time from 2012 May onward. Black points are
data with 1σ errors (assuming a stellar jitter of 3.0 m s−1); a circular four-planet
fit is superimposed.

velocity trend. Over a two-year baseline, the median trend was
−0.0125 ± 0.0063 m s−1 day−1, which corresponds to a 3σ
upper limit of −6.9 m s−1 year−1. In the style of Winn et al.
(2010), we compute the mass of an outer perturber based on the
stellar acceleration, γ̇ , assuming the planet induces Newtonian
gravitational acceleration on the star and in the limit MP " M#:
γ̇ = GMP/a

2. To induce a stellar acceleration γ̇ of −6.9 m s−1

year−1 via Newtonian gravity, an outer perturber would need to
satisfy

MP sin i

MJ

( a

10 AU

)−2
= 3.9, (3)

where i is the inclination of the planet’s orbital plane with respect
to the line of sight and MJ is the mass of Jupiter. Thus, with a
significance of 3σ , we can rule out companions more massive
than 3.9 MJ within 10 AU or more massive than 1.0 MJ within
5 AU.

4.2. Eccentric Orbit Solution

The four-planet fit in which we allow eccentricities to float
is the most versatile model. This model has the advantage
of simultaneously fitting the light curve and the RVs, which
measures ρ# (thus refining M# and R#). As demonstrated below,
the values for planet masses in this model agree with the planet
masses determined in the circular orbital solution to within 1σ ,
and so we adopt the parameters from the eccentric solution for
the rest of this work. The phase-folded RVs for the eccentric
orbital solution are shown in Figure 10.

The Kepler photometry and Keck RVs were simultaneously fit
with an orbital model. The model has the following free param-
eters: mean stellar density (ρ#), scaled planetary radius (rn/R∗),
impact parameter (bn), orbital period (Pn), center of transit time
(Tc,n), RV amplitude (Kn), eccentricity (en) and argument of
pericenter (wn) via esin wn and ecos wn. A photometric and RV
zero point were also included. The number (n = 1,2,3,4) corre-
sponds to the parameters for planets b, c, d, and e, respectively.
The transit model uses the quadratic formulae of Mandel & Agol
(2002). Limb-darkening coefficients were fixed in the models
to 0.3236 and 0.3052 as determined from the grid of Claret &
Bloemen (2011). The orbits are modeled with non-interacting
Keplerians.

A best-fit model was initially computed by minimizing χ2

with a Levenberg–Marquardt style algorithm. This model was
used to measure TTVs and to seed an MCMC analysis of the
model parameter space. TTVs were determined by fitting for
each individual transit, fixing all parameters except Tc to their
best-fit values. An updated best-fit model was then computed
using the TTVs to produce a better phased transit for each planet.
The time-series were corrected by computing time corrections
based on a linear interpolation of the TTVs.

Posterior distributions for each model parameter were deter-
mined with an MCMC-style algorithm. This model has been
described in Gautier et al. (2012) and Borucki et al. (2012),
the only difference is that the TTV measurements are included
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Figure 7. One-planet, circular fit to the RVs, phase folded to the period of KOI-94d. The black points are the data (error bars are 1σ ), and the black line is the circular
one-planet fit to the data. The gray points and fit are time-shifted repetitions of the black data points and fit. The red point is the oldest data point (2009); all other data
are from summer 2012.
(A color version of this figure is available in the online journal.)
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Fig. 2. Top: generalised Lomb Scargle periodogram of the SOPHIE
RV data. A peak is present at around 22 days. The FAP 10% level is
shown as a dashed horizontal line. The periods reported by Nesvorný
et al. (2013) are marked with vertical dashed lines. The Lomb Scargle
periodogram of the residuals is shown in red. Bottom: zoom for periods
between 5 and 30 days.

SOPHIE RVs of the KOI-142 system using the MCMC algo-
rithm described in detail in Díaz et al. (2013). The RV amplitude
expected for the inner planet is 2.58 ± 0.74 m s−1 (Nesvorný
et al. 2013), which would not be detectable with our current data.
Therefore, we decided to use a single Keplerian model at the pe-
riod of the outer, more massive companion. Note that the signal
is not expected to be strictly periodic because of the influence
of the inner planet, which changes the orbital parameters of the
companion. The change in the orbital parameters of the putative
outer planet has been studied in detail by Nesvorný et al. (2013),
who showed that the eccentricity remains well constrained for
at least 150 years. A numerical integration of the system up
to the epoch of the SOPHIE observations was performed using
the hybrid symplectic algorithm implemented in the Mercury6
code (Chambers 1999), and taking as initial conditions the val-
ues given in Table 2 of Nesvorný et al. (2013). We found that dur-
ing the time of the SOPHIE observations, the orbital elements of
KOI-142b change significantly, while the expected change for
the proposed companion at 22 days is much smaller1 than the
precision obtained in these parameters (see Table 1). Therefore,
although it is not exactly correct, using a Keplerian curve to
model the signal induced by the second companion is justified
for the period of the SOPHIE observations.

Uninformative priors were used in all parameters of the
model. In this case, we found a solution at orbital period P =
22.10 ± 0.25 days, and with eccentricity e = 0.19+0.30

−0.14. The
mode of the posterior eccentricity distribution is at e ∼ 0.065,
with a long tail towards higher values, and a second peak at
e ∼ 0.85. Because of this, most orbital parameters present a
similar bimodal distribution. In particular, the posterior of the
RV semi-amplitude K also extends to 277 m s−1 (95% confi-
dence level). Using the eccentricity measurement from Nesvorný
et al. (2013) as a constraint in our MCMC analysis, we measured
an RV amplitude of 48.9 ± 6.0 m s−1, which agrees well with
their prediction.

The inferred mode of the marginal posterior distributions and
their 68.3% confidence intervals are shown in Table 1 for the

1 ∆e/e = 0.01; ∆a/a = 3.8 × 10−4; ∆i ∼ 0.0025◦ ; ∆ω ∼ 0.5◦

Fig. 3. Main peak of the marginalised posterior distribution of the
RV semi-amplitude. The dashed vertical lines delimit the 1σ range pre-
dicted by Nesvorný et al. (2013).

Table 1. Parameters for the KOI-142 system at reference epoch
E = 2 456 475.40947 BJDUTC.

Fitted parameters
Orbital period, P [days] 22.10 ± 0.25√

e cos(ω) −0.32 ± 0.25√
e sin(ω) 0.24+0.17

−0.29

Mean anomaly at epoch [deg] 298+21
−77

RV amplitude, K [m s−1] 57.4+29
−7.5

Systemic velocity [km s−1] −20.4547+0.0035
−0.0085

Spectroscopic parameters
Effective temperature [K] 5460 ± 70
Surface gravity [dex] 4.6 ± 0.2
Metallicity 0.25 ± 0.09
Derived parameters
Periapsis passage, Tp, BJDUTC 2 456 478.7 ± 2.5

cov(P, Tp)† [days2] –0.00323
Orbital eccentricity 0.19+0.30

−0.14
Semi-major axis (AU) 0.1529 ± 0.0021
Minimum planet mass [MJ] 0.76+0.32

0.16

Mp sin i/Ms × 104 7.5+3.3
−1.6

Stellar mass, Ms [M&] 0.974 ± 0.038
Stellar radius, Rs [R&] 0.910 ± 0.040
Age [Gyr] 3.0+3.2

−2.0

Notes. (†) Covariance between orbital period and time of periapsis
passage.

revised stellar parameters described in Sect. 3. The best-fit model
is shown in Fig. 1. In Fig. 3 the marginalised posterior distribu-
tion of the RV amplitude is presented. The RV signal agrees well
with the prediction by Nesvorný et al. (2013).

A periodogram of the fit residuals does not show any power
at the period of the transiting object KOI-142 b. However, it does
show a peak at 14.8 days, with an FAP slightly below 10%.
Owing to the dynamic evolution of the system, more RVs are
necessary to understand the nature of this peak. One possibility
is that it is a harmonic of the stellar rotational period. The residu-
als of the fit, which are consistent with white noise, allow one to
derive an upper limit to the mass of the inner planet of 53.9 M⊕
at the 99% confidence level, which also agrees with the value
estimated with TTVs mb = 8.7 ± 2.5 M⊕ (Nesvorný et al. 2013).

To compute the mass and radius of the stellar host
we drew 10 000 samples from the distribution of Teff and
[Fe/H] determined in Sect. 3, which was assumed to follow an
uncorrelated multi-normal distribution. We combined this with
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TABLE 6
Best-fit parameters obtained from TTV analysis.

Parameter Value (md = 106M⊕) Value (md = 73M⊕) Value (TTV only)
KOI-94c

mc (M⊕) 11.8+1.6
−1.5 13.9+2.7

−2.7 9.4+2.4
−2.1

ec cos!c 0.0329+0.0047
−0.0055 0.0092+0.0264

−0.0050 0.0143+0.0080
−0.0059

ec sin!c −0.0104+0.0038
−0.0042 −0.0031+0.0067

−0.0061 0.0045+0.0091
−0.0079

χ2
c 84 62 56

KOI-94d
md (M⊕) 106 (fixed) 73 (fixed) 52.1+6.9

−7.1

ed cos!d 0.055+0.011
−0.014 −0.016+0.064

−0.011 −0.022+0.014
−0.011

ed sin!d 0.012+0.011
−0.012 0.009+0.018

−0.018 0.008+0.021
−0.018

χ2
d 66 48 43

KOI-94e
me (M⊕) 15.9+2.4

−2.2 12.9+3.0
−2.3 13.0+2.5

−2.1

ee cos!e 0.067+0.014
−0.019 −0.069+0.120

−0.018 −0.078+0.021
−0.014

ee sin!e 0.042+0.012
−0.017 −0.022+0.032

−0.016 −0.025+0.017
−0.014

(χ2
c + χ2

d)/d.o.f 150/57 110/57 99/56
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Fig. 8.— Best-fit simulated TTVs of KOI-94d obtained by the
MCMC fit (black crosses connected with lines) with observed data
(points with error bars). The result for md = 73M⊕ is plotted
with solid lines (in O − C plot) and red points (in residual plot),
and that for md = 106M⊕ with dashed lines and pink points.

the RV best-fit value. This solution is similar to that for
md = 73M⊕ case, except that md is even smaller.

2.4. Discussion: comparison with the RV results

While the values of ed and ee obtained in our TTV
analysis are consistent with the RV values in Table 2,
the best-fit ec obtained from the TTV is ∼ 1.8σ smaller
than the RV best-fit (ec = 0.43± 0.23). Considering the
marginal detection of KOI-94c’s RV and the dynamical
stability of the system, however, the TTV value seems to
be preferred. In fact, this value is robustly constrained
by the clear TTV signal of KOI-94c; in the grid-search
performed in Section 2.2.3, we searched the region where
ec ! 0.14 to fit the TTV of this planet, but the resulting
χ2
c strongly disfavored large ec regions in both md =

106M⊕ and md = 73M⊕ cases.
The TTV values of mc and me are consistent with the

RV results, but me is constrained to a rather lower value
than the RV best-fit. Using this value, along with the
photometric values of Rp/R! and ρ!, and spectroscopic
value of M!, the density of KOI-94e is given by ρe ∼
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Fig. 9.— Best-fit simulated TTV of KOI-94c based on the TTV
data alone (black crosses connected with lines) with observed data
(blue points).
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Fig. 10.— Best-fit simulated TTV of KOI-94d based on the TTV
data alone (black crosses connected with lines) with observed data
(red points).
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Figure 6. Radial velocity vs. time from 2012 May onward. Black points are
data with 1σ errors (assuming a stellar jitter of 3.0 m s−1); a circular four-planet
fit is superimposed.

velocity trend. Over a two-year baseline, the median trend was
−0.0125 ± 0.0063 m s−1 day−1, which corresponds to a 3σ
upper limit of −6.9 m s−1 year−1. In the style of Winn et al.
(2010), we compute the mass of an outer perturber based on the
stellar acceleration, γ̇ , assuming the planet induces Newtonian
gravitational acceleration on the star and in the limit MP " M#:
γ̇ = GMP/a

2. To induce a stellar acceleration γ̇ of −6.9 m s−1

year−1 via Newtonian gravity, an outer perturber would need to
satisfy

MP sin i

MJ

( a

10 AU

)−2
= 3.9, (3)

where i is the inclination of the planet’s orbital plane with respect
to the line of sight and MJ is the mass of Jupiter. Thus, with a
significance of 3σ , we can rule out companions more massive
than 3.9 MJ within 10 AU or more massive than 1.0 MJ within
5 AU.

4.2. Eccentric Orbit Solution

The four-planet fit in which we allow eccentricities to float
is the most versatile model. This model has the advantage
of simultaneously fitting the light curve and the RVs, which
measures ρ# (thus refining M# and R#). As demonstrated below,
the values for planet masses in this model agree with the planet
masses determined in the circular orbital solution to within 1σ ,
and so we adopt the parameters from the eccentric solution for
the rest of this work. The phase-folded RVs for the eccentric
orbital solution are shown in Figure 10.

The Kepler photometry and Keck RVs were simultaneously fit
with an orbital model. The model has the following free param-
eters: mean stellar density (ρ#), scaled planetary radius (rn/R∗),
impact parameter (bn), orbital period (Pn), center of transit time
(Tc,n), RV amplitude (Kn), eccentricity (en) and argument of
pericenter (wn) via esin wn and ecos wn. A photometric and RV
zero point were also included. The number (n = 1,2,3,4) corre-
sponds to the parameters for planets b, c, d, and e, respectively.
The transit model uses the quadratic formulae of Mandel & Agol
(2002). Limb-darkening coefficients were fixed in the models
to 0.3236 and 0.3052 as determined from the grid of Claret &
Bloemen (2011). The orbits are modeled with non-interacting
Keplerians.

A best-fit model was initially computed by minimizing χ2

with a Levenberg–Marquardt style algorithm. This model was
used to measure TTVs and to seed an MCMC analysis of the
model parameter space. TTVs were determined by fitting for
each individual transit, fixing all parameters except Tc to their
best-fit values. An updated best-fit model was then computed
using the TTVs to produce a better phased transit for each planet.
The time-series were corrected by computing time corrections
based on a linear interpolation of the TTVs.

Posterior distributions for each model parameter were deter-
mined with an MCMC-style algorithm. This model has been
described in Gautier et al. (2012) and Borucki et al. (2012),
the only difference is that the TTV measurements are included
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Figure 7. One-planet, circular fit to the RVs, phase folded to the period of KOI-94d. The black points are the data (error bars are 1σ ), and the black line is the circular
one-planet fit to the data. The gray points and fit are time-shifted repetitions of the black data points and fit. The red point is the oldest data point (2009); all other data
are from summer 2012.
(A color version of this figure is available in the online journal.)
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Fig. 2. Top: generalised Lomb Scargle periodogram of the SOPHIE
RV data. A peak is present at around 22 days. The FAP 10% level is
shown as a dashed horizontal line. The periods reported by Nesvorný
et al. (2013) are marked with vertical dashed lines. The Lomb Scargle
periodogram of the residuals is shown in red. Bottom: zoom for periods
between 5 and 30 days.

SOPHIE RVs of the KOI-142 system using the MCMC algo-
rithm described in detail in Díaz et al. (2013). The RV amplitude
expected for the inner planet is 2.58 ± 0.74 m s−1 (Nesvorný
et al. 2013), which would not be detectable with our current data.
Therefore, we decided to use a single Keplerian model at the pe-
riod of the outer, more massive companion. Note that the signal
is not expected to be strictly periodic because of the influence
of the inner planet, which changes the orbital parameters of the
companion. The change in the orbital parameters of the putative
outer planet has been studied in detail by Nesvorný et al. (2013),
who showed that the eccentricity remains well constrained for
at least 150 years. A numerical integration of the system up
to the epoch of the SOPHIE observations was performed using
the hybrid symplectic algorithm implemented in the Mercury6
code (Chambers 1999), and taking as initial conditions the val-
ues given in Table 2 of Nesvorný et al. (2013). We found that dur-
ing the time of the SOPHIE observations, the orbital elements of
KOI-142b change significantly, while the expected change for
the proposed companion at 22 days is much smaller1 than the
precision obtained in these parameters (see Table 1). Therefore,
although it is not exactly correct, using a Keplerian curve to
model the signal induced by the second companion is justified
for the period of the SOPHIE observations.

Uninformative priors were used in all parameters of the
model. In this case, we found a solution at orbital period P =
22.10 ± 0.25 days, and with eccentricity e = 0.19+0.30

−0.14. The
mode of the posterior eccentricity distribution is at e ∼ 0.065,
with a long tail towards higher values, and a second peak at
e ∼ 0.85. Because of this, most orbital parameters present a
similar bimodal distribution. In particular, the posterior of the
RV semi-amplitude K also extends to 277 m s−1 (95% confi-
dence level). Using the eccentricity measurement from Nesvorný
et al. (2013) as a constraint in our MCMC analysis, we measured
an RV amplitude of 48.9 ± 6.0 m s−1, which agrees well with
their prediction.

The inferred mode of the marginal posterior distributions and
their 68.3% confidence intervals are shown in Table 1 for the

1 ∆e/e = 0.01; ∆a/a = 3.8 × 10−4; ∆i ∼ 0.0025◦ ; ∆ω ∼ 0.5◦

Fig. 3. Main peak of the marginalised posterior distribution of the
RV semi-amplitude. The dashed vertical lines delimit the 1σ range pre-
dicted by Nesvorný et al. (2013).

Table 1. Parameters for the KOI-142 system at reference epoch
E = 2 456 475.40947 BJDUTC.

Fitted parameters
Orbital period, P [days] 22.10 ± 0.25√

e cos(ω) −0.32 ± 0.25√
e sin(ω) 0.24+0.17

−0.29

Mean anomaly at epoch [deg] 298+21
−77

RV amplitude, K [m s−1] 57.4+29
−7.5

Systemic velocity [km s−1] −20.4547+0.0035
−0.0085

Spectroscopic parameters
Effective temperature [K] 5460 ± 70
Surface gravity [dex] 4.6 ± 0.2
Metallicity 0.25 ± 0.09
Derived parameters
Periapsis passage, Tp, BJDUTC 2 456 478.7 ± 2.5

cov(P, Tp)† [days2] –0.00323
Orbital eccentricity 0.19+0.30

−0.14
Semi-major axis (AU) 0.1529 ± 0.0021
Minimum planet mass [MJ] 0.76+0.32

0.16

Mp sin i/Ms × 104 7.5+3.3
−1.6

Stellar mass, Ms [M&] 0.974 ± 0.038
Stellar radius, Rs [R&] 0.910 ± 0.040
Age [Gyr] 3.0+3.2

−2.0

Notes. (†) Covariance between orbital period and time of periapsis
passage.

revised stellar parameters described in Sect. 3. The best-fit model
is shown in Fig. 1. In Fig. 3 the marginalised posterior distribu-
tion of the RV amplitude is presented. The RV signal agrees well
with the prediction by Nesvorný et al. (2013).

A periodogram of the fit residuals does not show any power
at the period of the transiting object KOI-142 b. However, it does
show a peak at 14.8 days, with an FAP slightly below 10%.
Owing to the dynamic evolution of the system, more RVs are
necessary to understand the nature of this peak. One possibility
is that it is a harmonic of the stellar rotational period. The residu-
als of the fit, which are consistent with white noise, allow one to
derive an upper limit to the mass of the inner planet of 53.9 M⊕
at the 99% confidence level, which also agrees with the value
estimated with TTVs mb = 8.7 ± 2.5 M⊕ (Nesvorný et al. 2013).

To compute the mass and radius of the stellar host
we drew 10 000 samples from the distribution of Teff and
[Fe/H] determined in Sect. 3, which was assumed to follow an
uncorrelated multi-normal distribution. We combined this with
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Figure 2. Left: Density vs. radius for 65 exoplanets. Gray points have RV-determined masses; orange points have TTV-
determined masses, and the point size corresponds to 1/σ(ρP). The blue squares are weighted mean densities in bins of 0.5 R⊕,
with error bars representing σi/

√

Ni, where σi is the standard deviation of the densities and Ni is the number of exoplanets
in bin i. We omit the weighted mean densities below 1.0 R⊕ because the scatter in planet densities is so large that the error
bars span the range of physical densities (0 to 10 g cm−3). The blue diamonds indicate solar system planets. The red line is
an empirical density-radius fit for planets smaller than 1.5R⊕, including the terrestrial solar system planets. The green line is
the mass-radius relation from Seager et al. (2007) for planets of Earth composition (67.5% MgSiO3, 32.5% Fe). The increase
in planet density with radius for RP < 1.5R⊕ is consistent with a population of rocky planets. Above 1.5 R⊕, planet density
decreases with planet radius, indicating that as planet radius increases, so does the fraction of gas. Right: Mass vs. radius for
65 exoplanets. Same as left, but the point size corresponds to 1/σ(MP), and the blue squares are the weighted mean masses in
bins of 0.5R⊕, with error bars representing σi/

√

Ni, where σi is the standard deviation of the masses and Ni is the number of
exoplanets in bin i. The black line is an empirical fit to the masses and radii above 1.5 R⊕; see equation 3. The weighted mean
masses were not used in calculating the fit. Some mass and density outliers are excluded from these plots, but are included in
the fits.
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TTVs in WASP-10b induced by stellar activity? 3
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Figure 1. Phase-folded new light curves for WASP-10. From top to bottom and left to right in chronological order; FTN 2008 September 15 and 19, RISE 2008
October 04, RISE 2010 September 03 and 09, RISE 2010 October 13, RISE 2010 November 10, RISE 2010 December 14. The light curve name including
the epoch number is printed in each plot. For each light curve, we superimpose the best-fit transit model 2 (solid red line), show the residuals from this model
at the bottom of each the plot, and give the estimated red noise parametrised by β inside parenthesis. For some light curves we also show a transit model that
includes a spot feature (dashed green line). The light curves and models have been shifted to the T0 determined with model 2. The RISE data are binned into
45 second periods except for the 2010 November 10 which had a longer exposure time. The individual light curves plotted here are available in electronic form
at CDS.

Planet-spot occultation might create fake TTVs / TDVs

M. Oshagh et al.: Effect of stellar spots on high-precision transit light-curve
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Fig. 2. Deviation of the fitted value of the planet radius from its ex-
act value as a function of the position of planet-spot overlap. Different
colors correspond to different combinations of the planet-to-star-radius
ratio as well as the spot filling factor.
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Fig. 3. Amplitude of the transit-timing variations as a function of the
position of the planet-spot overlap, and for different combinations of
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disk), the fitted value of the transit depth (that is used to derive
the radius of the planet in the units of stellar radius) becomes
lower. For instance, in a system where the transiting planet has
a radius of Rp/R∗ = 0.05 and the spot filling factor is 1%, the
anomaly in the light curve causes the estimate of the planet ra-
dius to be 4% smaller than its actual value. This significant effect
in the size-estimates of exoplanets matches the values reported
for active stars and transiting planets such as the CoRoT-2 sys-
tem (3%, see Czesla et al. 2009) and the system of WASP-10
(2%), as reported by Barros et al. (2013).

Figure 3 shows the connection between the induced TTV
and the position of the planet-spot overlap. The TTVs were ob-
tained by calculating the difference between the transit timing in
the best-fit model and its known values. Interestingly, the TTV
amplitudes show a different behavior from that of the transit
anomaly amplitude in term of its location. As shown in the fig-
ure, significant TTVs may be produced as a result of the spot
anomaly in the transit light-curve even when the amplitude of
the anomaly is not so significant. Our simulations show that the
highest TTV value is reached when the position of the overlap
between the planet and the spot is at 0.7 stellar radii from the
center of the star. This result agrees with results presented by
Barros et al. (2013). This indicates that when studying the effects
of spot anomalies on variations in transit timing, one can only fo-
cus on this area where the TTV has its highest value. Figure 3
also shows that for a transiting planet with Rp/R∗ = 0.1 over-
lapping a spot with a filling factor of 1%, the highest TTV value
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Fig. 4. Deviations of the fitted value of the transit duration from its exact
value as a function of the planet-spot overlap for different combinations
of the planet-to-star-radius ratio and spot filling factor.

can exceed 200 s. Such a large TTV is similar to that induced by
an Earth-mass planet in a mean-motion resonance with a Jovian-
type body transiting a solar-mass star in a three-day orbit (e.g.,
Boué et al. 2012), or by an Earth-mass exomoon on a Neptune-
mass transiting planet (Kipping 2009).

The connection between an induced spot anomaly in a transit
light-curve and the duration of the transit is shown in Fig. 4.
The transit duration can become shorter or longer, depending on
where the anomaly appears. The results shown here agree with
those reported by Barros et al. (2013) for the WASP-10 system.
Figure 4 also shows that in extreme cases, transit durations can
be under- or overestimated by about 4%. This can be seen, for
instance, for planets with Rp/R∗ = 0.1 and a spot filling factor
of 1%.

3.3. Probing the effect of different limb-darkening coefficients
and a non-zero-brightness spot

To probe the sensitivity of our results to the stellar spot bright-
ness and also to quadratic limb-darkening coefficients, we exam-
ined their influence in cases where the maximum effect on TTVs
were obtained.

To assess the effect of the choice of the quadratic limb-
darkening coefficients, we considered the system with the high-
est TTV. In this system, the stellar spot was taken to have zero-
brightness, its filling factor was 1%, and the ratio of the radius
of the planet to that of the star was Rp/R∗ = 0.1. We consid-
ered two extreme cases of stellar temperatures for this system.
According to the Claret 2011 catalog (Claret & Bloemen 2011),
these extreme temperatures correspond to extreme values for the
limb-darkening coefficients. For a cool star with a temperature
of 4000 K, the coefficients of the quadratic limb-darkening are
u1 = 0.6 and u2 = 0.16, and for a hot star with a tempera-
ture of 7500 K, these coefficients are u1 = 0.38 and u2 = 0.37.
Figures 5 to 7 show the effects of these extreme quadratic limb-
darkening coefficients on the depth, as well as the amplitude of
the TTV, and the transit duration. Apparently, the results are
not sensitive to the choice of the two extreme cases consid-
ered here. This, however, cannot be reliable because we did not
consider other possibilities. Studies similar to that of Csizmadia
et al. (2013) are needed to fully explore the effect of varying the
limb-darkening coefficients on the measurements of planetary
parameters.

To study the effect of a stellar spot with a non-zero-
brightness, we considered the brightness of the spot to be 50%
of that of the star. We also increased its size by a factor 1.4 to

A19, page 3 of 5

Barros et al. (2012) Oshagh et al. (2013)

12



characterized planets

~ 600 candidates detected
27 planets characterized

(with mass constraint > 3 σ)

~ 4000 candidates detected
80 planets characterized

(with mass constraint > 3 σ)
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Astrophysical false 
positives

238 SF2A 2012

Fig. 1. A synthetic transit light curve generated from a planetary model, shown in green. The red curve is the best fit

using a blend model. Both models are compatible with the data points (black dots with error bars).

process requires intensive computation resources (to compute up to 7 � 108 models), they use 1024 processors
of the NASA Pleiades cluster. Then, they construct maps for two of the free parameters: distance and mass
of the primary star in the binary for a background/foreground eclipsing binary scenario, mass of the secondary
star of the eclipsing binary and the mass of the primary star for the triple stellar system, planetary radius and
stellar mass of the transiting star for the star-star-planet triple scenario. The statistics in this maps is based
on a ⇥2 di�erence between the considered scenario and the best model of the star-transiting planet scenario.
The confidence regions are obtained using the number of free parameters as the number of degrees of freedom,
and the region outside the 3� contour is excluded. But the general approach is not conceptually correct, as in
the frequentist approach model comparison is not possible. This method has not been proved to be statistically
consistent using, for example, simulated data. Additional observations (radial velocity, high resolution image
with adaptive optics, transits observed in the infrared with Spitzer) add, a posteriori, constraints in the statistic
maps produced from the ⇥2 di�erence. These maps are used to constrain the allowed magnitude range of the
blended stars (inside the 3� contour and allowed by the additional observations). Then, they use the Besançon
Galactic structure models (Robin et al. 2003) to count background/foreground stars in the allowed magnitude
range. Finally, taking into account the star counts and the probability of each scenario they compute a false
alarm rate for the star-transiting planet scenario. If this false alarm rate is small enough, the planet is said to
be validated (Fressin et al. 2011).

Although the method is promising and has produced interesting results, no rigorous demonstration of its
validity has been presented. We decided to develop our own validation code, using an entirely bayesian approach
that allows for statistically rigorous model comparison. Hopefully, this tool will permit confirming the Kepler
validated planets and discover many more small transits in the CoRoT candidate list.

3 PASTIS

PASTIS (Planetary Analysis and Small Transit Investigation Software) was conceived as a fully bayesian code
that includes all the observations for the model comparison: light curves in di�erent filters, radial velocity
observations and photometric magnitudes in various filters, and is flexible to include new observables due to
its modular structure. PASTIS models the light curve in a given filter with the JKTEBOP code (Southworth
et al. 2004), based on the EBOP code (Popper & Etzel 1981; Etzel 1981; Nelson & Davis 1972), elipsoidal and
reflection e�ect are included in the model. PASTIS analyze the radial velocity measurements (including bisector,
full width at half maximum and constrast) from a simulated cross-correlation function (Dı́az et al. 2012). Also,
PASTIS models the spectral energy distribution to compare with the photometric magnitudes measurements.
To generate these models, PASTIS use models of stellar atmospheres: ATLAS9 (Castelli & Kurucz 2004) or

Planet

Undiluted eclipsing binary
Diluted

eclipsing binary /
giant planet

see, e.g., Cameron (2012, Nature)
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Galactic structure models (Robin et al. 2003) to count background/foreground stars in the allowed magnitude
range. Finally, taking into account the star counts and the probability of each scenario they compute a false
alarm rate for the star-transiting planet scenario. If this false alarm rate is small enough, the planet is said to
be validated (Fressin et al. 2011).

Although the method is promising and has produced interesting results, no rigorous demonstration of its
validity has been presented. We decided to develop our own validation code, using an entirely bayesian approach
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that allows for statistically rigorous model comparison. Hopefully, this tool will permit confirming the Kepler
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PASTIS (Planetary Analysis and Small Transit Investigation Software) was conceived as a fully bayesian code
that includes all the observations for the model comparison: light curves in di�erent filters, radial velocity
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Allowed region

Figure 12. Map of the χ2 surface (goodness of fit) for blends involving back-
ground eclipsing binaries composed of two stars. The vertical axis represents the
distance between the background pair of objects and the primary star, expressed
in terms of the difference in the distance modulus. Only blends inside the solid
white contour match the Kepler light curve within acceptable limits (3σ , where
σ is the significance level of the χ2 difference compared to a transit model fit;
see Fressin et al. 2011). Lighter-colored areas (red, orange, and yellow) mark
regions of parameter space giving increasingly worse fits to the data (4σ , 5σ ,
etc.), and correspond to blends we consider to be ruled out. The hatched blue
regions at the bottom correspond to blends that can be excluded as well because
of their overall r–Ks colors, which are either too red (left) or too blue (right)
compared to the measured value for Kepler-22b, by more than 3σ (0.066 mag).
The solid diagonal green line is the locus of eclipsing binaries that are 1 mag
fainter than the target. Blends in the hatched green area below this line are ruled
out because they are bright enough to have been detected spectroscopically. In
the case of Kepler-22b, the above color and brightness constraints are redundant
with those from BLENDER, which already rules out blends in these areas based
on the quality of the light curve fit. Viable blends are all seen to be less than
about 5.5 mag fainter than the target (indicated with the dotted green line).

Allowed Region

Figure 13. Similar to Figure 12 for blends involving background or foreground
stars transited by a larger planet. For this type of blend the color and brightness
constraints exclude large portions of parameter space. The only viable blends
that remain reside in the area labeled “Allowed Region,” delimited by the thick
white contour. These blends are all within about 5 mag of the target (dotted
green line).

of the dimensions, corresponding to the mass of the secondary
and to the relative distance between the primary and the binary
(cast for convenience here in terms of the difference in distance

Figure 14. Similar to Figures 12 and 13 for the case of hierarchical triple
systems in which the secondary is transited by a planet. Blends inside the white
3σ contour yield light curves that match the shape observed for Kepler-22b.
However, the combination of the color and brightness constraints (hatched blue
and green areas, respectively) exclude all of these false positives.

modulus in magnitudes). The colored regions represent contours
of equal goodness of fit compared to a transiting planet model,
with the 3σ contour indicated in white. Blends inside this
contour give acceptable fits to the Kepler photometry, and are
considered viable. They all involve eclipsing binaries that are
up to ∼5.5 mag fainter than the target (dashed green line in
the figure). Other constraints can potentially rule out additional
blends. For example, blends in the blue-hatched areas have
overall colors for the combined light that are either too red (left)
or too blue (right) compared to the measured color of the target
(r−Ks = 1.475 ± 0.022, taken from the KIC; Brown et al. 2011),
at the 3σ level. For this particular kind of blend these constraints
are not helpful however, as those scenarios are already ruled out
by BLENDER. False positives that are in the green-hatched area
correspond to secondary components that are less than 1 mag
fainter than the target, and which we consider to be also ruled
out because such stars would usually have been detected in our
spectroscopic observations, as a second set of lines. Once again
this constraint is redundant with the BLENDER results. The
one-mag limit is very conservative, as stars down to 2 or 3 mag
fainter than the target would also most likely have been seen in
our high-resolution, high signal-to-noise ratio Keck spectra.

A similar diagram for blends involving background or fore-
ground stars orbited by a transiting planet is presented in
Figure 13. In this case both the color index constraint and the
brightness constraint significantly reduce the space of parame-
ters in which blends can reside, which is indicated by the thick
white contour (“Allowed Region”). Within this area only ter-
tiaries that are between 0.32 RJup and 2.0 RJup in size are able to
produce signals that are consistent with the observations. These
false positives are all in the background, and can be up to 5 mag
fainter than the target in the Kepler bandpass, as indicated by
the dashed green line.

BLENDER easily rules out all hierarchical triple configura-
tions with stellar tertiaries, as these invariably lead to the wrong
shape for a transit. However, planetary tertiaries of the right size
can still mimic the light curve well. The landscape for this type
of blend is seen in Figure 14. For Kepler-22b the combination
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Fig. 1. A synthetic transit light curve generated from a planetary model, shown in green. The red curve is the best fit

using a blend model. Both models are compatible with the data points (black dots with error bars).

process requires intensive computation resources (to compute up to 7 � 108 models), they use 1024 processors
of the NASA Pleiades cluster. Then, they construct maps for two of the free parameters: distance and mass
of the primary star in the binary for a background/foreground eclipsing binary scenario, mass of the secondary
star of the eclipsing binary and the mass of the primary star for the triple stellar system, planetary radius and
stellar mass of the transiting star for the star-star-planet triple scenario. The statistics in this maps is based
on a ⇥2 di�erence between the considered scenario and the best model of the star-transiting planet scenario.
The confidence regions are obtained using the number of free parameters as the number of degrees of freedom,
and the region outside the 3� contour is excluded. But the general approach is not conceptually correct, as in
the frequentist approach model comparison is not possible. This method has not been proved to be statistically
consistent using, for example, simulated data. Additional observations (radial velocity, high resolution image
with adaptive optics, transits observed in the infrared with Spitzer) add, a posteriori, constraints in the statistic
maps produced from the ⇥2 di�erence. These maps are used to constrain the allowed magnitude range of the
blended stars (inside the 3� contour and allowed by the additional observations). Then, they use the Besançon
Galactic structure models (Robin et al. 2003) to count background/foreground stars in the allowed magnitude
range. Finally, taking into account the star counts and the probability of each scenario they compute a false
alarm rate for the star-transiting planet scenario. If this false alarm rate is small enough, the planet is said to
be validated (Fressin et al. 2011).

Although the method is promising and has produced interesting results, no rigorous demonstration of its
validity has been presented. We decided to develop our own validation code, using an entirely bayesian approach
that allows for statistically rigorous model comparison. Hopefully, this tool will permit confirming the Kepler
validated planets and discover many more small transits in the CoRoT candidate list.

3 PASTIS

PASTIS (Planetary Analysis and Small Transit Investigation Software) was conceived as a fully bayesian code
that includes all the observations for the model comparison: light curves in di�erent filters, radial velocity
observations and photometric magnitudes in various filters, and is flexible to include new observables due to
its modular structure. PASTIS models the light curve in a given filter with the JKTEBOP code (Southworth
et al. 2004), based on the EBOP code (Popper & Etzel 1981; Etzel 1981; Nelson & Davis 1972), elipsoidal and
reflection e�ect are included in the model. PASTIS analyze the radial velocity measurements (including bisector,
full width at half maximum and constrast) from a simulated cross-correlation function (Dı́az et al. 2012). Also,
PASTIS models the spectral energy distribution to compare with the photometric magnitudes measurements.
To generate these models, PASTIS use models of stellar atmospheres: ATLAS9 (Castelli & Kurucz 2004) or
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Allowed region

Figure 12. Map of the χ2 surface (goodness of fit) for blends involving back-
ground eclipsing binaries composed of two stars. The vertical axis represents the
distance between the background pair of objects and the primary star, expressed
in terms of the difference in the distance modulus. Only blends inside the solid
white contour match the Kepler light curve within acceptable limits (3σ , where
σ is the significance level of the χ2 difference compared to a transit model fit;
see Fressin et al. 2011). Lighter-colored areas (red, orange, and yellow) mark
regions of parameter space giving increasingly worse fits to the data (4σ , 5σ ,
etc.), and correspond to blends we consider to be ruled out. The hatched blue
regions at the bottom correspond to blends that can be excluded as well because
of their overall r–Ks colors, which are either too red (left) or too blue (right)
compared to the measured value for Kepler-22b, by more than 3σ (0.066 mag).
The solid diagonal green line is the locus of eclipsing binaries that are 1 mag
fainter than the target. Blends in the hatched green area below this line are ruled
out because they are bright enough to have been detected spectroscopically. In
the case of Kepler-22b, the above color and brightness constraints are redundant
with those from BLENDER, which already rules out blends in these areas based
on the quality of the light curve fit. Viable blends are all seen to be less than
about 5.5 mag fainter than the target (indicated with the dotted green line).

Allowed Region

Figure 13. Similar to Figure 12 for blends involving background or foreground
stars transited by a larger planet. For this type of blend the color and brightness
constraints exclude large portions of parameter space. The only viable blends
that remain reside in the area labeled “Allowed Region,” delimited by the thick
white contour. These blends are all within about 5 mag of the target (dotted
green line).

of the dimensions, corresponding to the mass of the secondary
and to the relative distance between the primary and the binary
(cast for convenience here in terms of the difference in distance

Figure 14. Similar to Figures 12 and 13 for the case of hierarchical triple
systems in which the secondary is transited by a planet. Blends inside the white
3σ contour yield light curves that match the shape observed for Kepler-22b.
However, the combination of the color and brightness constraints (hatched blue
and green areas, respectively) exclude all of these false positives.

modulus in magnitudes). The colored regions represent contours
of equal goodness of fit compared to a transiting planet model,
with the 3σ contour indicated in white. Blends inside this
contour give acceptable fits to the Kepler photometry, and are
considered viable. They all involve eclipsing binaries that are
up to ∼5.5 mag fainter than the target (dashed green line in
the figure). Other constraints can potentially rule out additional
blends. For example, blends in the blue-hatched areas have
overall colors for the combined light that are either too red (left)
or too blue (right) compared to the measured color of the target
(r−Ks = 1.475 ± 0.022, taken from the KIC; Brown et al. 2011),
at the 3σ level. For this particular kind of blend these constraints
are not helpful however, as those scenarios are already ruled out
by BLENDER. False positives that are in the green-hatched area
correspond to secondary components that are less than 1 mag
fainter than the target, and which we consider to be also ruled
out because such stars would usually have been detected in our
spectroscopic observations, as a second set of lines. Once again
this constraint is redundant with the BLENDER results. The
one-mag limit is very conservative, as stars down to 2 or 3 mag
fainter than the target would also most likely have been seen in
our high-resolution, high signal-to-noise ratio Keck spectra.

A similar diagram for blends involving background or fore-
ground stars orbited by a transiting planet is presented in
Figure 13. In this case both the color index constraint and the
brightness constraint significantly reduce the space of parame-
ters in which blends can reside, which is indicated by the thick
white contour (“Allowed Region”). Within this area only ter-
tiaries that are between 0.32 RJup and 2.0 RJup in size are able to
produce signals that are consistent with the observations. These
false positives are all in the background, and can be up to 5 mag
fainter than the target in the Kepler bandpass, as indicated by
the dashed green line.

BLENDER easily rules out all hierarchical triple configura-
tions with stellar tertiaries, as these invariably lead to the wrong
shape for a transit. However, planetary tertiaries of the right size
can still mimic the light curve well. The landscape for this type
of blend is seen in Figure 14. For Kepler-22b the combination
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Figure 12. Multiplicity statistics by spectral type. The thin solid lines represent
stars and brown dwarfs beyond the spectral range of this study, and their sources
are listed in the text. For the FGK stars studied here, the thick dashed lines show
our observed multiplicity fractions, i.e., the percentage of stars with confirmed
stellar or brown dwarf companions, for spectral types F6–G2 and G2–K3. The
thick solid lines show the incompleteness-adjusted fraction for the entire F6–K3
sample. The uncertainties of the multiplicity fractions are estimated by bootstrap
analysis as explained in Section 5.2.

publications, when available. Otherwise, they are estimated
using mass ratios for double-lined spectroscopic binaries, or
from multi-color photometry from catalogs, or using the ∆mag
measures in the WDS along with the primary’s spectral type.
Metallicity and chromospheric activity estimates of the primary
are adopted for all components of the system.

5.3.2. Multiplicity by Spectral Type and Color

Figure 12 shows the multiplicity fraction for stars and brown
dwarfs. Most O-type stars seem to form in binary or multiple
systems, with an estimated lower limit of 75% in clusters and
associations having companions (Mason et al. 1998a, 2009).
Studies of OB-associations also show that over 70% of B and
A type stars have companions (Shatsky & Tokovinin 2002;
Kobulnicky & Fryer 2007; Kouwenhoven et al. 2007). In sharp
contrast, M-dwarfs have companions in significantly fewer
numbers, with estimates ranging from 11% for companions
14–825 AU away (Reid & Gizis 1997) to 34%–42% (Henry
& McCarthy 1990; Fischer & Marcy 1992). Finally, estimates
for the lowest mass stars and brown dwarfs suggest that only
10%–30% have companions (Burgasser et al. 2003; Siegler et al.
2005; Allen et al. 2007; Maxted et al. 2008; Joergens 2008).
Our results for F6–K3 stars are consistent with this overall
trend, as seen by the thick solid lines for the incompleteness-
corrected fraction. Moreover, the thick dashed lines for two
subsamples of our study show that this overall trend is present
even within the range of solar-type stars. Of the blue subsample
(0.5 ! B − V ! 0.625, F6–G2, N = 131), 50% ± 4%
have companions, compared with only 41% ± 3% for the red
subsample (0.625 < B − V ! 1.0, G2–K3, N = 323).

5.3.3. Period Distribution

Figure 13 shows the period distribution of all 259 confirmed
pairs, with an identification of the technique used to discover
and/or characterize the system. To provide context, the axis
at the top shows the semimajor axis corresponding to the pe-
riod on the x-axis assuming a mass sum of 1.5 M", the aver-
age value of all the confirmed pairs. When period estimates

Figure 13. Period distribution for the 259 confirmed companions. The data
are plotted by the companion detection method. Unresolved companions
such as proper-motion accelerations are identified by horizontal line shading,
spectroscopic binaries by positively sloped lines, visual binaries by negatively
sloped lines, companions found by both spectroscopic and visual techniques by
crosshatching, and CPM pairs by vertical lines. The semimajor axes shown in
AU at the top correspond to the periods on the x-axis for a system with a mass
sum of 1.5 M", the average value for all the pairs. The dashed curve shows
a Gaussian fit to the distribution, with a peak at log P = 5.03 and standard
deviation of σlog P = 2.28.

are not available from spectroscopic or visual orbits, we esti-
mate them as follows. For CPM companions with separation
measurements, we estimate semimajor axes using the statistical
relation log a′′ = log ρ ′′ + 0.13 from DM91, where a is the
angular semimajor axis and ρ is the projected angular separa-
tion, both in arcseconds. This, along with mass estimates as de-
scribed in Section 5.3.1 and Newton’s generalization of Kepler’s
Third Law yields the period. For the remaining few unresolved
pairs, we assume periods of 30–200 years for radial-velocity
variables and 10–25 years for proper-motion accelerations. The
period distribution follows a roughly log-normal Gaussian pro-
file with a mean of log P = 5.03 and σlog P = 2.28, where
P is in days. This average period is equivalent to 293 years,
somewhat larger than Pluto’s orbital period around the Sun. The
median of the period distribution is 252 years, similar to the
Gaussian peak. This compares with corrected mean and me-
dian values of 180 years from DM91. The larger value of the
current survey is a result of more robust companion informa-
tion for wide CPM companions. The similarity of the overall
profile with the incompleteness-corrected DM91 plot suggests
that most companions they estimated as missed have now been
found. The shading in the figure shows the expected trend—the
shortest period systems are spectroscopic, followed by com-
bined spectroscopic/visual orbits, then by visual binaries, and
finally by CPM pairs. The robust overlap between the various
techniques in all but the longest period bins underscores the
absence of significant detection gaps in companion space and
supports our earlier statements about the completeness of this
survey. Binaries with periods longer than log P = 8 are rare,
and only 10 of the 259 confirmed pairs (4%) have estimated
separations larger than 10,000 AU. Although separations wider
than this limit were not searched comprehensively, Figure 8
shows that separations of up to 14,000 AU were searched for
some systems, and 56% of the primaries were searched beyond
the 10,000 AU limit. The drop in the number of systems with
companions thus appears to occur within our search space and
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Fig. 10. Observed mass histogram for the planets in the com-
bined sample. Before any bias correction, we can already notice
the importance of the sub-population of low-mass planets. We
also remark a gap in the histogram between planets with masses
above and below ⇥30 M�.

4.4. The period distribution of Super-Earth and
Neptune-mass planets

The observed distribution of orbital periods for planets less mas-
sive than 30 M� is illustrated in Fig.13. In Fig.14, the same dis-
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Fig. 11. Same as Fig. 10 but for planets with periods smaller than
100 days. We see the dominance of low-mass planet with short
orbital periods.
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Fig. 12. Histograms of planetary masses, comparing the ob-
served histogram (black line) and the equivalent histogram after
correction for the detection bias (red line).

tribution is reproduced with a black histogram, to be compared
with the histogram after correction for detection incompleteness
(red histogram). In agreement with Kepler’s preliminary find-
ings (Borucki et al. 2011), the sub-population of low-mass planet
appears mostly confined to tight orbits. The majority of these
low-mass planets have periods shorter than 100 days. Low-mass
planets on longer periods are of course more a�ected by detec-
tion limits, this is however, at least partly, taken into account in
our bias estimate and correction. We conclude that this feature
must be real.

4.5. Orbital eccentricities of Super-Earth and Neptune-type
planets

Figure 15 displays the orbital eccentricities as a function of the
planetary mass. We can remark the very large scatter of orbital
eccentricities measured for gaseous giant planets, some of them
having eccentricities as large as 0.93. Such very large eccentric-
ities are not observed for planets with masses smaller than about
30 M� for which the most extrem values are limited around 0.45.
For low-mass planets the estimation of small orbital eccentricites
of the best keplerian fit is biased. For the moment, the eccentric-
ities below 0.2 (and small masses) have to be considered with
caution .

4.6. Fraction of multiplanetary systems with low mass
planets

For systems with planets less massive than 30 M�, the fraction
of multi-planetary systems is extremely high. For the 24 con-
cerned systems this fraction exceeds 70 %. It is tempting to have
a rate of multi-planetary systems hosting at least one gaseous
giant planets. Unfortunately, the optimum observing strategy
needed to detect low-mass planets has not been applied to every
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Fig. 4.— K2 campaign 1 (↵
2000

= 11h 37m 55.65s, �
2000

= +01� 110 19.700) statistics. Top left:

the field-of-view superimposed on the star density map. This sparse field in terms of star counts

features ⇠500-700 stars per deg2. Bottom left: star count per deg2 as a function of galactic latitude.

Right: star count as a function of spectral type, column-stacked by luminosity class. The sample

consists of Kp =7-17 stars.

crude numbers do not account for the low S/N cuto↵ or single event systems, nor do they reflect

any instrumental window functions. They only serve as a rough guide to the expected number of

planets in the field around all Kp = 7-17 stars, not only those selected as K2 targets.

3.2. Crowding and contamination

Kepler is designed as a planet hunting mission, so it is crucial to understand and estimate

the amount of crowding in the field and contamination due to third light. Eclipsing binary stars

have been the main culprit for false positives: signals in light curves that resemble those of plan-

etary transits (Fressin et al. 2013). Because of third light dilution, the depths of stellar eclipses

are quenched to planetary transit levels and complex approaches and/or follow-up spectroscopic
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Figure 1. Probability for a possibly blending star to be projected within 2′′

of a Kepler target star, as a function of Galactic latitude, as determined by
TRILEGAL simulations. The plotted points are simulations; the lines are the
exponential fits as described in Equation (8).
(A color version of this figure is available in the online journal.)

2.1.1. Probability of a Blend

The blend probability can be calculated by determining the
average sky density (e.g., stars per square arcsec) of stars faint
enough so as not to be obviously present in Kepler data yet
bright enough to possibly mimic a transit. The first condition is
somewhat subjective, and we conservatively say that a star must
be more than 1 mag fainter than the Kepler primary in order to
be able to hide undetected within the Kepler aperture. In practice
the true value is probably significantly fainter, but this approxi-
mation will lead to only a small overestimate of the blended star
probability, as there are many more faint than bright stars.

The faint condition can be determined by noting that in order
for a BB system to mimic a transit of fractional depth δ, the
blended system must comprise more than a fraction δ of the
total flux within the Kepler aperture. This condition may be
expressed as the following:

mK,bin − mK,target = ∆mK ! −2.5 log10(δ), (7)

where mK,bin is the total apparent Kepler magnitude of the
blended binary system and mK,target is the magnitude of the
Kepler target star. A transit depth of δ = 0.01 corresponds to
∆mK = 5; for δ = 10−3, ∆mK = 7.25; and for δ = 10−4

(approximately an Earth-sized transit of a solar-radius star),
∆mK = 10. This means that no binary system fainter than
mK = 24 can possibly mimic a δ = 10−4 transit around an
mK = 14 star, which is a typical magnitude for a Kepler target.

Using TRILEGAL, we determine the sky density of stars
in this magnitude range within the Kepler field, and thus the
probability of one by chance being projected close to a Kepler
target star, by simulating a 10 deg2 field centered on the center
of the Kepler field. We then simply count the stars within
the desired range of Kepler magnitude (which TRILEGAL
provides). As a fiducial example, the average density of stars
between mK = 15 and mK = 24 (the range corresponding to a
δ = 10−4 transit of an mK = 14 star) is 0.0086 stars arcsec−2.
The probability of any given small circle on the sky containing
one of these stars is then simply the area of the circle multiplied
by this density. Continuing this example (mK = 14, δ = 10−4),
the probability of such a star being within 2′′ of a Kepler target
star is 0.11.

Figure 2. Probability for a possibly blending star to be projected within 2′′

of a Kepler target star, as a function of both Galactic latitude and target star
magnitude, as determined by TRILEGAL simulations.

However, because the Kepler field is quite extended and
centered only a few degrees off the Galactic plane, there is
a considerable gradient in background stellar density across
the field that must be accounted for. To accomplish this, we
simulate 21 different 5 deg2 fields, each centered on one of
the Kepler double-CCD squares. The resulting probabilities
are plotted in Figure 1 as a function of Galactic latitude, for
the magnitude ranges corresponding to mK = 11, 12, 13, 14,
and 15. Recognizing that this blend probability appears to be
exponentially related to Galactic latitude b and that the nature
of the exponential depends on mK , we fit an analytic expression
of the following form:

pblend(b,mK ) = C(mK ) + A(mK )e−b/B(mK ), (8)

where A, B, and C are all polynomial functions of Kepler
magnitude, with the coefficients listed in Table 1. These fits
are valid between mK values of 11 and 15, and b values between
7◦ and 20◦ (the approximate extent of the Kepler field). Figure 2
graphically illustrates the behavior of Equation (8).

2.1.2. Probability of an Appropriate Eclipsing Binary

The probability that a blended star is an appropriately config-
ured eclipsing binary system depends first on the binary fraction
of blending stars and second on both the distribution of binary
properties and the magnitude of the Kepler target star. Of central
importance is that in order for a blended binary to successfully
mimic a Kepler planet transit candidate, it must both have a
diluted primary eclipse shallow enough to look like a planet and
a diluted secondary eclipse either shallow enough so as not to
be detected or geometrically aligned so as not to occur.

The apparent fractional “transit” depth of a blended binary
system depends on the intrinsic binary system eclipse depth δb,
and the relative apparent magnitudes of the Kepler target star
and the blended system:

δ = δb · 10−0.4(mK,bin−mK,target). (9)

The primary and secondary eclipse depths of the binary system
are the following:

δb,pri =

(
R2
R1

)2
F1

F1 + F2
, (10)

3
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Fig. 1. A synthetic transit light curve generated from a planetary model, shown in green. The red curve is the best fit

using a blend model. Both models are compatible with the data points (black dots with error bars).

process requires intensive computation resources (to compute up to 7 � 108 models), they use 1024 processors
of the NASA Pleiades cluster. Then, they construct maps for two of the free parameters: distance and mass
of the primary star in the binary for a background/foreground eclipsing binary scenario, mass of the secondary
star of the eclipsing binary and the mass of the primary star for the triple stellar system, planetary radius and
stellar mass of the transiting star for the star-star-planet triple scenario. The statistics in this maps is based
on a ⇥2 di�erence between the considered scenario and the best model of the star-transiting planet scenario.
The confidence regions are obtained using the number of free parameters as the number of degrees of freedom,
and the region outside the 3� contour is excluded. But the general approach is not conceptually correct, as in
the frequentist approach model comparison is not possible. This method has not been proved to be statistically
consistent using, for example, simulated data. Additional observations (radial velocity, high resolution image
with adaptive optics, transits observed in the infrared with Spitzer) add, a posteriori, constraints in the statistic
maps produced from the ⇥2 di�erence. These maps are used to constrain the allowed magnitude range of the
blended stars (inside the 3� contour and allowed by the additional observations). Then, they use the Besançon
Galactic structure models (Robin et al. 2003) to count background/foreground stars in the allowed magnitude
range. Finally, taking into account the star counts and the probability of each scenario they compute a false
alarm rate for the star-transiting planet scenario. If this false alarm rate is small enough, the planet is said to
be validated (Fressin et al. 2011).

Although the method is promising and has produced interesting results, no rigorous demonstration of its
validity has been presented. We decided to develop our own validation code, using an entirely bayesian approach
that allows for statistically rigorous model comparison. Hopefully, this tool will permit confirming the Kepler
validated planets and discover many more small transits in the CoRoT candidate list.

3 PASTIS

PASTIS (Planetary Analysis and Small Transit Investigation Software) was conceived as a fully bayesian code
that includes all the observations for the model comparison: light curves in di�erent filters, radial velocity
observations and photometric magnitudes in various filters, and is flexible to include new observables due to
its modular structure. PASTIS models the light curve in a given filter with the JKTEBOP code (Southworth
et al. 2004), based on the EBOP code (Popper & Etzel 1981; Etzel 1981; Nelson & Davis 1972), elipsoidal and
reflection e�ect are included in the model. PASTIS analyze the radial velocity measurements (including bisector,
full width at half maximum and constrast) from a simulated cross-correlation function (Dı́az et al. 2012). Also,
PASTIS models the spectral energy distribution to compare with the photometric magnitudes measurements.
To generate these models, PASTIS use models of stellar atmospheres: ATLAS9 (Castelli & Kurucz 2004) or
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Allowed region

Figure 12. Map of the χ2 surface (goodness of fit) for blends involving back-
ground eclipsing binaries composed of two stars. The vertical axis represents the
distance between the background pair of objects and the primary star, expressed
in terms of the difference in the distance modulus. Only blends inside the solid
white contour match the Kepler light curve within acceptable limits (3σ , where
σ is the significance level of the χ2 difference compared to a transit model fit;
see Fressin et al. 2011). Lighter-colored areas (red, orange, and yellow) mark
regions of parameter space giving increasingly worse fits to the data (4σ , 5σ ,
etc.), and correspond to blends we consider to be ruled out. The hatched blue
regions at the bottom correspond to blends that can be excluded as well because
of their overall r–Ks colors, which are either too red (left) or too blue (right)
compared to the measured value for Kepler-22b, by more than 3σ (0.066 mag).
The solid diagonal green line is the locus of eclipsing binaries that are 1 mag
fainter than the target. Blends in the hatched green area below this line are ruled
out because they are bright enough to have been detected spectroscopically. In
the case of Kepler-22b, the above color and brightness constraints are redundant
with those from BLENDER, which already rules out blends in these areas based
on the quality of the light curve fit. Viable blends are all seen to be less than
about 5.5 mag fainter than the target (indicated with the dotted green line).

Allowed Region

Figure 13. Similar to Figure 12 for blends involving background or foreground
stars transited by a larger planet. For this type of blend the color and brightness
constraints exclude large portions of parameter space. The only viable blends
that remain reside in the area labeled “Allowed Region,” delimited by the thick
white contour. These blends are all within about 5 mag of the target (dotted
green line).

of the dimensions, corresponding to the mass of the secondary
and to the relative distance between the primary and the binary
(cast for convenience here in terms of the difference in distance

Figure 14. Similar to Figures 12 and 13 for the case of hierarchical triple
systems in which the secondary is transited by a planet. Blends inside the white
3σ contour yield light curves that match the shape observed for Kepler-22b.
However, the combination of the color and brightness constraints (hatched blue
and green areas, respectively) exclude all of these false positives.

modulus in magnitudes). The colored regions represent contours
of equal goodness of fit compared to a transiting planet model,
with the 3σ contour indicated in white. Blends inside this
contour give acceptable fits to the Kepler photometry, and are
considered viable. They all involve eclipsing binaries that are
up to ∼5.5 mag fainter than the target (dashed green line in
the figure). Other constraints can potentially rule out additional
blends. For example, blends in the blue-hatched areas have
overall colors for the combined light that are either too red (left)
or too blue (right) compared to the measured color of the target
(r−Ks = 1.475 ± 0.022, taken from the KIC; Brown et al. 2011),
at the 3σ level. For this particular kind of blend these constraints
are not helpful however, as those scenarios are already ruled out
by BLENDER. False positives that are in the green-hatched area
correspond to secondary components that are less than 1 mag
fainter than the target, and which we consider to be also ruled
out because such stars would usually have been detected in our
spectroscopic observations, as a second set of lines. Once again
this constraint is redundant with the BLENDER results. The
one-mag limit is very conservative, as stars down to 2 or 3 mag
fainter than the target would also most likely have been seen in
our high-resolution, high signal-to-noise ratio Keck spectra.

A similar diagram for blends involving background or fore-
ground stars orbited by a transiting planet is presented in
Figure 13. In this case both the color index constraint and the
brightness constraint significantly reduce the space of parame-
ters in which blends can reside, which is indicated by the thick
white contour (“Allowed Region”). Within this area only ter-
tiaries that are between 0.32 RJup and 2.0 RJup in size are able to
produce signals that are consistent with the observations. These
false positives are all in the background, and can be up to 5 mag
fainter than the target in the Kepler bandpass, as indicated by
the dashed green line.

BLENDER easily rules out all hierarchical triple configura-
tions with stellar tertiaries, as these invariably lead to the wrong
shape for a transit. However, planetary tertiaries of the right size
can still mimic the light curve well. The landscape for this type
of blend is seen in Figure 14. For Kepler-22b the combination
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Figure 12. Multiplicity statistics by spectral type. The thin solid lines represent
stars and brown dwarfs beyond the spectral range of this study, and their sources
are listed in the text. For the FGK stars studied here, the thick dashed lines show
our observed multiplicity fractions, i.e., the percentage of stars with confirmed
stellar or brown dwarf companions, for spectral types F6–G2 and G2–K3. The
thick solid lines show the incompleteness-adjusted fraction for the entire F6–K3
sample. The uncertainties of the multiplicity fractions are estimated by bootstrap
analysis as explained in Section 5.2.

publications, when available. Otherwise, they are estimated
using mass ratios for double-lined spectroscopic binaries, or
from multi-color photometry from catalogs, or using the ∆mag
measures in the WDS along with the primary’s spectral type.
Metallicity and chromospheric activity estimates of the primary
are adopted for all components of the system.

5.3.2. Multiplicity by Spectral Type and Color

Figure 12 shows the multiplicity fraction for stars and brown
dwarfs. Most O-type stars seem to form in binary or multiple
systems, with an estimated lower limit of 75% in clusters and
associations having companions (Mason et al. 1998a, 2009).
Studies of OB-associations also show that over 70% of B and
A type stars have companions (Shatsky & Tokovinin 2002;
Kobulnicky & Fryer 2007; Kouwenhoven et al. 2007). In sharp
contrast, M-dwarfs have companions in significantly fewer
numbers, with estimates ranging from 11% for companions
14–825 AU away (Reid & Gizis 1997) to 34%–42% (Henry
& McCarthy 1990; Fischer & Marcy 1992). Finally, estimates
for the lowest mass stars and brown dwarfs suggest that only
10%–30% have companions (Burgasser et al. 2003; Siegler et al.
2005; Allen et al. 2007; Maxted et al. 2008; Joergens 2008).
Our results for F6–K3 stars are consistent with this overall
trend, as seen by the thick solid lines for the incompleteness-
corrected fraction. Moreover, the thick dashed lines for two
subsamples of our study show that this overall trend is present
even within the range of solar-type stars. Of the blue subsample
(0.5 ! B − V ! 0.625, F6–G2, N = 131), 50% ± 4%
have companions, compared with only 41% ± 3% for the red
subsample (0.625 < B − V ! 1.0, G2–K3, N = 323).

5.3.3. Period Distribution

Figure 13 shows the period distribution of all 259 confirmed
pairs, with an identification of the technique used to discover
and/or characterize the system. To provide context, the axis
at the top shows the semimajor axis corresponding to the pe-
riod on the x-axis assuming a mass sum of 1.5 M", the aver-
age value of all the confirmed pairs. When period estimates

Figure 13. Period distribution for the 259 confirmed companions. The data
are plotted by the companion detection method. Unresolved companions
such as proper-motion accelerations are identified by horizontal line shading,
spectroscopic binaries by positively sloped lines, visual binaries by negatively
sloped lines, companions found by both spectroscopic and visual techniques by
crosshatching, and CPM pairs by vertical lines. The semimajor axes shown in
AU at the top correspond to the periods on the x-axis for a system with a mass
sum of 1.5 M", the average value for all the pairs. The dashed curve shows
a Gaussian fit to the distribution, with a peak at log P = 5.03 and standard
deviation of σlog P = 2.28.

are not available from spectroscopic or visual orbits, we esti-
mate them as follows. For CPM companions with separation
measurements, we estimate semimajor axes using the statistical
relation log a′′ = log ρ ′′ + 0.13 from DM91, where a is the
angular semimajor axis and ρ is the projected angular separa-
tion, both in arcseconds. This, along with mass estimates as de-
scribed in Section 5.3.1 and Newton’s generalization of Kepler’s
Third Law yields the period. For the remaining few unresolved
pairs, we assume periods of 30–200 years for radial-velocity
variables and 10–25 years for proper-motion accelerations. The
period distribution follows a roughly log-normal Gaussian pro-
file with a mean of log P = 5.03 and σlog P = 2.28, where
P is in days. This average period is equivalent to 293 years,
somewhat larger than Pluto’s orbital period around the Sun. The
median of the period distribution is 252 years, similar to the
Gaussian peak. This compares with corrected mean and me-
dian values of 180 years from DM91. The larger value of the
current survey is a result of more robust companion informa-
tion for wide CPM companions. The similarity of the overall
profile with the incompleteness-corrected DM91 plot suggests
that most companions they estimated as missed have now been
found. The shading in the figure shows the expected trend—the
shortest period systems are spectroscopic, followed by com-
bined spectroscopic/visual orbits, then by visual binaries, and
finally by CPM pairs. The robust overlap between the various
techniques in all but the longest period bins underscores the
absence of significant detection gaps in companion space and
supports our earlier statements about the completeness of this
survey. Binaries with periods longer than log P = 8 are rare,
and only 10 of the 259 confirmed pairs (4%) have estimated
separations larger than 10,000 AU. Although separations wider
than this limit were not searched comprehensively, Figure 8
shows that separations of up to 14,000 AU were searched for
some systems, and 56% of the primaries were searched beyond
the 10,000 AU limit. The drop in the number of systems with
companions thus appears to occur within our search space and
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Fig. 10. Observed mass histogram for the planets in the com-
bined sample. Before any bias correction, we can already notice
the importance of the sub-population of low-mass planets. We
also remark a gap in the histogram between planets with masses
above and below ⇥30 M�.

4.4. The period distribution of Super-Earth and
Neptune-mass planets

The observed distribution of orbital periods for planets less mas-
sive than 30 M� is illustrated in Fig.13. In Fig.14, the same dis-
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Fig. 11. Same as Fig. 10 but for planets with periods smaller than
100 days. We see the dominance of low-mass planet with short
orbital periods.
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Fig. 12. Histograms of planetary masses, comparing the ob-
served histogram (black line) and the equivalent histogram after
correction for the detection bias (red line).

tribution is reproduced with a black histogram, to be compared
with the histogram after correction for detection incompleteness
(red histogram). In agreement with Kepler’s preliminary find-
ings (Borucki et al. 2011), the sub-population of low-mass planet
appears mostly confined to tight orbits. The majority of these
low-mass planets have periods shorter than 100 days. Low-mass
planets on longer periods are of course more a�ected by detec-
tion limits, this is however, at least partly, taken into account in
our bias estimate and correction. We conclude that this feature
must be real.

4.5. Orbital eccentricities of Super-Earth and Neptune-type
planets

Figure 15 displays the orbital eccentricities as a function of the
planetary mass. We can remark the very large scatter of orbital
eccentricities measured for gaseous giant planets, some of them
having eccentricities as large as 0.93. Such very large eccentric-
ities are not observed for planets with masses smaller than about
30 M� for which the most extrem values are limited around 0.45.
For low-mass planets the estimation of small orbital eccentricites
of the best keplerian fit is biased. For the moment, the eccentric-
ities below 0.2 (and small masses) have to be considered with
caution .

4.6. Fraction of multiplanetary systems with low mass
planets

For systems with planets less massive than 30 M�, the fraction
of multi-planetary systems is extremely high. For the 24 con-
cerned systems this fraction exceeds 70 %. It is tempting to have
a rate of multi-planetary systems hosting at least one gaseous
giant planets. Unfortunately, the optimum observing strategy
needed to detect low-mass planets has not been applied to every
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Fig. 4.— K2 campaign 1 (↵
2000

= 11h 37m 55.65s, �
2000

= +01� 110 19.700) statistics. Top left:

the field-of-view superimposed on the star density map. This sparse field in terms of star counts

features ⇠500-700 stars per deg2. Bottom left: star count per deg2 as a function of galactic latitude.

Right: star count as a function of spectral type, column-stacked by luminosity class. The sample

consists of Kp =7-17 stars.

crude numbers do not account for the low S/N cuto↵ or single event systems, nor do they reflect

any instrumental window functions. They only serve as a rough guide to the expected number of

planets in the field around all Kp = 7-17 stars, not only those selected as K2 targets.

3.2. Crowding and contamination

Kepler is designed as a planet hunting mission, so it is crucial to understand and estimate

the amount of crowding in the field and contamination due to third light. Eclipsing binary stars

have been the main culprit for false positives: signals in light curves that resemble those of plan-

etary transits (Fressin et al. 2013). Because of third light dilution, the depths of stellar eclipses

are quenched to planetary transit levels and complex approaches and/or follow-up spectroscopic

The Astrophysical Journal, 738:170 (12pp), 2011 September 10 Morton & Johnson

Figure 1. Probability for a possibly blending star to be projected within 2′′

of a Kepler target star, as a function of Galactic latitude, as determined by
TRILEGAL simulations. The plotted points are simulations; the lines are the
exponential fits as described in Equation (8).
(A color version of this figure is available in the online journal.)

2.1.1. Probability of a Blend

The blend probability can be calculated by determining the
average sky density (e.g., stars per square arcsec) of stars faint
enough so as not to be obviously present in Kepler data yet
bright enough to possibly mimic a transit. The first condition is
somewhat subjective, and we conservatively say that a star must
be more than 1 mag fainter than the Kepler primary in order to
be able to hide undetected within the Kepler aperture. In practice
the true value is probably significantly fainter, but this approxi-
mation will lead to only a small overestimate of the blended star
probability, as there are many more faint than bright stars.

The faint condition can be determined by noting that in order
for a BB system to mimic a transit of fractional depth δ, the
blended system must comprise more than a fraction δ of the
total flux within the Kepler aperture. This condition may be
expressed as the following:

mK,bin − mK,target = ∆mK ! −2.5 log10(δ), (7)

where mK,bin is the total apparent Kepler magnitude of the
blended binary system and mK,target is the magnitude of the
Kepler target star. A transit depth of δ = 0.01 corresponds to
∆mK = 5; for δ = 10−3, ∆mK = 7.25; and for δ = 10−4

(approximately an Earth-sized transit of a solar-radius star),
∆mK = 10. This means that no binary system fainter than
mK = 24 can possibly mimic a δ = 10−4 transit around an
mK = 14 star, which is a typical magnitude for a Kepler target.

Using TRILEGAL, we determine the sky density of stars
in this magnitude range within the Kepler field, and thus the
probability of one by chance being projected close to a Kepler
target star, by simulating a 10 deg2 field centered on the center
of the Kepler field. We then simply count the stars within
the desired range of Kepler magnitude (which TRILEGAL
provides). As a fiducial example, the average density of stars
between mK = 15 and mK = 24 (the range corresponding to a
δ = 10−4 transit of an mK = 14 star) is 0.0086 stars arcsec−2.
The probability of any given small circle on the sky containing
one of these stars is then simply the area of the circle multiplied
by this density. Continuing this example (mK = 14, δ = 10−4),
the probability of such a star being within 2′′ of a Kepler target
star is 0.11.

Figure 2. Probability for a possibly blending star to be projected within 2′′

of a Kepler target star, as a function of both Galactic latitude and target star
magnitude, as determined by TRILEGAL simulations.

However, because the Kepler field is quite extended and
centered only a few degrees off the Galactic plane, there is
a considerable gradient in background stellar density across
the field that must be accounted for. To accomplish this, we
simulate 21 different 5 deg2 fields, each centered on one of
the Kepler double-CCD squares. The resulting probabilities
are plotted in Figure 1 as a function of Galactic latitude, for
the magnitude ranges corresponding to mK = 11, 12, 13, 14,
and 15. Recognizing that this blend probability appears to be
exponentially related to Galactic latitude b and that the nature
of the exponential depends on mK , we fit an analytic expression
of the following form:

pblend(b,mK ) = C(mK ) + A(mK )e−b/B(mK ), (8)

where A, B, and C are all polynomial functions of Kepler
magnitude, with the coefficients listed in Table 1. These fits
are valid between mK values of 11 and 15, and b values between
7◦ and 20◦ (the approximate extent of the Kepler field). Figure 2
graphically illustrates the behavior of Equation (8).

2.1.2. Probability of an Appropriate Eclipsing Binary

The probability that a blended star is an appropriately config-
ured eclipsing binary system depends first on the binary fraction
of blending stars and second on both the distribution of binary
properties and the magnitude of the Kepler target star. Of central
importance is that in order for a blended binary to successfully
mimic a Kepler planet transit candidate, it must both have a
diluted primary eclipse shallow enough to look like a planet and
a diluted secondary eclipse either shallow enough so as not to
be detected or geometrically aligned so as not to occur.

The apparent fractional “transit” depth of a blended binary
system depends on the intrinsic binary system eclipse depth δb,
and the relative apparent magnitudes of the Kepler target star
and the blended system:

δ = δb · 10−0.4(mK,bin−mK,target). (9)

The primary and secondary eclipse depths of the binary system
are the following:

δb,pri =

(
R2
R1

)2
F1

F1 + F2
, (10)

3

Raghavan et al. (2010), Mayor et al. (2011), 
Morton et al. (2011), Prsa et al. (2014)
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�0.6
�0.4
�0.2

0.0
0.2
0.4

O
-C

[m
ag

]

�5 0 5 10 15 20
log p(D|HPLA, I)/p(D, H{FP}, I)

0.0

0.2

0.4

0.6

0.8

1.0

P
D

F

BEB
BTP
PiB
TRIPLE

Fig. 4. From top to bottom, and left to right: i) Radial-velocity data set against time, HARPS as open circles, HIRES as open diamonds, SOPHIE
as open squares; superimposed is the best-fit model for the five di↵erent hypotheses: PLANET (red), BEB (green), BTP (blue), PiB (magenta),
and TRIPLE (cyan). The residuals to the models are shown in the bottom plot. ii) Radial-velocity data set against orbital phase (any linear drift
subtracted). iii) CoRoT red, green, and blue light curves folded in phase and binned. iv) The out-of-transit light-curve showing the secondaries of
the BEB and TRIPLE hypotheses with an arrow. v) The white light curve, plotted twice for all phases and zoomed around the transit. vi) Spectral
energy distributions (solid lines), with the flux integrated in each of the photometric bands(open circles), and observed magnitudes (black dots).
vii) Probability distribution function for the Bayes factor between the planet hypothesis and each false positive hypothesis (see text).

6.2. Hypotheses priors ratios

The hypotheses prior ratios are computed as described in Dı́az
et al. (2014, Sect. 5). Basically, we simulated the stellar field
around the target using the Besançon Galactic model (Robin
et al. 2003), and computed the probability that an unseen blended
star lies within a certain distance of the target, given the NACO
contrast curve (section 3). The binary properties from Raghavan
et al. (2010, and references therein) are used to compute the
probability that any such contaminating star is an eclipsing bi-
nary system. The giant planet statistics from Fressin et al. (2013)
and Bonfils et al. (2013) are used to compute the probability that
a star in the background hosts a transiting planet. Combining
these probabilities, we computed the priors for the BEB and
BTP hypotheses. The same sources are used to compute the prior
probabilities of the TRIPLE hypothesis, the PLANET hypothe-
sis, and the PiB hypothesis. For the latter, we further assumed
that the presence of a planetary companion in orbit around one
of the components of a wide-orbit binary is independent of the

presence of the stellar companion. The hypotheses priors and ra-
tios are listed in Table 4.

6.3. Odds ratios and planet posterior probability

The odds ratios of the planet hypothesis and each false positive
hypothesis is computed as the product of the Bayes factor and
the hypothesis prior ratio. The results are plotted in Figure 5 (left
panel) and listed in Table 4 for each hypothesis. The odds ratio
between the PLANET hypothesis and any false positive hypoth-
esis is log10(p(PLANET|I; D)/p(FP|I; D)) = 3.50 ± 0.46, where
FP is the hypothesis that the candidate is a false positive, inde-
pendently of its kind. Figure 5 (middle panel) shows the distri-
bution of the odds ratio. Around 99.24% (resp. 96.58 %) of the
mass of the distribution is above 150 (resp. 370. i.e. the inverse
probability of being outside 3 � � in a normal distribution).

Under the assumption that the set of hypotheses tested is
complete, and that the sum of the posterior probabilities is, there-
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Planet Analysis and Small 
Transit Investigation Software

Díaz, Almenara, Santerne et al. (2014)

Light curves
(Kepler, CoRoT, Spitzer, ...)

Radial velocities
RV, Bisector, FWHM
(HARPS, SOPHIE)

Spectral Energy 
Distribution

(SDSS, 2MASS, WISE, ...)

Model Prior
(Binary prop., planets prop., ....)

Stellar constraints
(stellar spectrum, astrosismology, ...)

Dynamics
(Mercury6)

Stellar activity
Astrometry

Probability 
for scenario:

PL, BEB, BTP, CEB, PiB, ...

P(D|Hi, I)

Bayesian

methods

Validation of Transiting Planet Candidates with BLENDER 

2013 May 14  Planet Validation Workshop, Marseille 16 

Kepler-62e 

Borucki et al. 2013 

PASTIS
Díaz et al. (2014), Santerne et al. (in prep.), 

Almenara et al. (in prep.)

BLENDER
Torres et al. (2011), Fressin et al. 

(2011,12a,b)

computing time:
 a few 10 000 hours
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Validation of Transiting Planet Candidates with BLENDER 

2013 May 14  Planet Validation Workshop, Marseille 26 

Summary of BLENDER validations 

G. Torres 2013 @ Planet-Validation Workshop
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Validation of Transiting Planet Candidates with BLENDER 

2013 May 14  Planet Validation Workshop, Marseille 26 

Summary of BLENDER validations 

G. Torres 2013 @ Planet-Validation Workshop
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• Morton & Johnson (2011): median FPP ~ 5% (modelisation)

• Santerne et al. (2012): 35% for giant close-in candidates (observations: SOPHIE data) 

• Fressin et al. (2013): global FPP ~ 9.4% (modelisation)

• Santerne et al. (2013): re-evaluation of Fressin’s value to 11.3% (modelisation)

• Santerne et al. (in prep.): ~50% for all giant candidates (observations: SOPHIE data) 

The key for statistical study of Kepler candidates:
The False-Positive Probability !
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For multiples (Lissauer et al., 2012, 14):

The Astrophysical Journal, 784:44 (21pp), 2014 March 20 Lissauer et al.

Figure 2. Comparison of three hr CDPP for all Kepler targets (black) vs. those
targets showing planet candidates or FPs (red). As expected, transit-like signals
are preferentially found around targets with less noise. However, the differences
between the two distributions are small.
(A color version of this figure is available in the online journal.)

Table 2
Multiplanet Counts for Statistical Studies

nt n1 n2 n3 n4 n5 n6 Objects Included

140 016 1303 272 96 40 10 2 Statistics for validation
· · · 1520 284 102 43 13 3 All candidates
140 016 2499 300 104 43 13 3 All candidates + FPs
140 016 2637 300 104 43 13 3 All candidates + FPs + EBs

noise on timescales related to the transit duration. A CDPP
of 20 ppm for a 3 hr transit duration indicates that a 3 hr
transit of depth 20 ppm would be expected to have an S/N = 1
(Christiansen et al. 2012). We use the 3 hr estimate from a
Q1–Q10 Kepler pipeline run. (Three hours is a close match
to the typical transit duration of our sample.) Figure 2 shows
a histogram of the CDPP distribution. The black line shows
the entire Kepler target Q1–Q8 sample, and the red line shows
the distribution for those targets from the Q1–Q8 planet search
with currently viable planet candidates (singles or multis). We
calculate a median CDPP value of 160 ppm for the planet
candidate hosts, compared with 175 ppm for all Kepler targets.

Based on our results shown in Table 1 and Figure 2, as well as
the paucity of planet candidates orbiting giant stars, we choose
to estimate the effective size of our target pool, nt, as follows: the
median CDPP of targets hosting planet candidates is 160 ppm.
We counted 70,008 targets classified as dwarfs (log g > 3.5) in
the KIC, observed in the majority of the eight quarters searched,
and with CDPP < 160 ppm. We then doubled this number
so that the median photometric variability within the effective
target pool is equal to the median photometric variability of
Kepler planet candidate hosts, yielding nt = 140,016. Thus,
the value of nt used for our FP estimates is equal to twice the
number of targets that were observed for at least five of the eight
quarters searched for transits and that have log g > 3.5. Note
that by excluding unclassified stars, some of which are dwarfs,
we slightly underestimate the effective number of targets, which
is conservative in the sense of overestimating the numbers
of FPs in multis because nt appears in the denominators of
Equations (2)–(7).

The observed candidate abundances used as input for our
estimates of the number of as yet unidentified FPs in Kepler
multis in Section 4.1 are listed above and given in the top row of
Table 2. For this analysis, we conservatively assume a true planet

Table 3
Statistical Estimates of Unidentified False Positives in Multis

Class (Formula) Expected Number (for P1 = 0.9)

2 FPs (Equation (2)) 0.063
3 FPs (Equation (3)) 2.0 × 10−5

1 planet + 1 FP (Equation (4)) 1.447
1 planet + 2 FPs (Equation (5)) 5.3 × 10−4

!2 planets + 1 FP (Equation (6)) 0.517
!2 planets + 2 FPs (Equation (7)) 1.9 × 10−4

Total FPs (Number of false candidates) 2.09

fraction of P1 = 0.9 for the singles, a value that corresponds
to a significantly larger fraction of (non-planetary) FPs than
estimated by Fressin et al. (2013) and Santerne et al. (2013);
see Appendix C. The bottom two rows of Table 2 give input
abundances for our test analyses of “dirty” samples presented
in Section 4.2 that estimate the abundance of identified FPs in
multis using the identified FP rate among targets that show a
single transit-like pattern.

Our goal is to compute conservative estimates of the expected
number of FPs in Kepler multis, but Equations (2)–(5) and (7)
include the quantity nfm, the total number of (not yet identified)
FPs lurking in Kepler multis. We resolve this need for assuming
a result prior to obtaining it by making conservative assumptions
on the value of nfm and then checking that these assumed
values are higher than the expected values. This can be done by
iteration, which for unidentified FPs in multis quickly converges
to nfm < 3 for P1 ! 0.9.

4.1. Sample Considered for Validation

Inserting the numerical values given above into Equa-
tions (2)–(7), we get the expected numbers of the various sys-
tems of multis containing unidentified FPs given in Table 3.
These values add up to a total of 1.57 FP planet candidates
(counting systems with 2 FPs twice) expected in two-candidate
systems and 0.52 FP in systems of 3 or more candidates; our esti-
mates decrease slightly faster than 1−P1 for values ofP1 > 0.9.
These final numbers are to be compared to the observation that
there are 272 candidate two-planet systems, with a total of 544
planet candidates, and 148 candidate systems of 3 or more tran-
siting planets, with a total of 510 planet candidates satisfying
the six criteria listed in Section 3. Thus, for the assumptions
that we have made, this sample of 1054 planet candidates in
multis should be ∼99.8% real planets. But to compensate for
the issues raised in Paper I and in Sections 5 and 6, we do not
simply validate all of these candidate multi-planet systems, but
rather, we subject them to additional scrutiny.

4.2. Statistics of False Positives Identified
in Singles and Multis

The fraction of Kepler planet candidates that are FPs is likely
to be quite low, but the FP rate is much higher among the
entire sample of transit-like signatures that have been identified
within the Kepler data. The share of known FPs among the
entire ensemble of KOIs identified using the first two years of
Kepler data (not just the vetted KOIs that have been promoted to
planet candidates) exceeds 27%, and the Kepler eclipsing binary
catalog (B. Kirk et al., in preparation) is more than half as long as
the entire KOI list used in our study. Comparison of the numbers
of FPs identified in singles and multis can, in principle, provide a
test of the statistical argument for the relative FP rates of singles
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p(2FPs) = p(FP )⇥ p(FP )

p(1pl + 1FP ) = p(1pl)⇥ p(FP )

FPP =
nFP

nKOIs
)

p(FP ) =
nFP

n?

p(pl) =
nKOIs � nFP
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Fig. 10. Observed mass histogram for the planets in the com-
bined sample. Before any bias correction, we can already notice
the importance of the sub-population of low-mass planets. We
also remark a gap in the histogram between planets with masses
above and below ⇥30 M�.

4.4. The period distribution of Super-Earth and
Neptune-mass planets

The observed distribution of orbital periods for planets less mas-
sive than 30 M� is illustrated in Fig.13. In Fig.14, the same dis-
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Fig. 11. Same as Fig. 10 but for planets with periods smaller than
100 days. We see the dominance of low-mass planet with short
orbital periods.
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Fig. 12. Histograms of planetary masses, comparing the ob-
served histogram (black line) and the equivalent histogram after
correction for the detection bias (red line).

tribution is reproduced with a black histogram, to be compared
with the histogram after correction for detection incompleteness
(red histogram). In agreement with Kepler’s preliminary find-
ings (Borucki et al. 2011), the sub-population of low-mass planet
appears mostly confined to tight orbits. The majority of these
low-mass planets have periods shorter than 100 days. Low-mass
planets on longer periods are of course more a�ected by detec-
tion limits, this is however, at least partly, taken into account in
our bias estimate and correction. We conclude that this feature
must be real.

4.5. Orbital eccentricities of Super-Earth and Neptune-type
planets

Figure 15 displays the orbital eccentricities as a function of the
planetary mass. We can remark the very large scatter of orbital
eccentricities measured for gaseous giant planets, some of them
having eccentricities as large as 0.93. Such very large eccentric-
ities are not observed for planets with masses smaller than about
30 M� for which the most extrem values are limited around 0.45.
For low-mass planets the estimation of small orbital eccentricites
of the best keplerian fit is biased. For the moment, the eccentric-
ities below 0.2 (and small masses) have to be considered with
caution .

4.6. Fraction of multiplanetary systems with low mass
planets

For systems with planets less massive than 30 M�, the fraction
of multi-planetary systems is extremely high. For the 24 con-
cerned systems this fraction exceeds 70 %. It is tempting to have
a rate of multi-planetary systems hosting at least one gaseous
giant planets. Unfortunately, the optimum observing strategy
needed to detect low-mass planets has not been applied to every

9
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Fig. 7.— Average number of planets per size bin for main se-
quence FGKM stars, determined here from the Q1–Q6 Kepler data
and corrected for false positives and incompleteness.

6.4. Super-Earths (1.25–2R⊕)

According to our simulations the overall average num-
ber of super-Earths per star out to periods of 145 days is
close to 30%. The distribution of host star masses for the
super-Earths is shown in Figure 8. While there is a hint
that planets of this size may be less common around M
dwarfs than around hotter stars, a K-S test indicates that
the simulated and real distributions are not significantly
different (false alarm probability of 4.9%).

6.5. Earths (0.8–1.25R⊕)

As indicated in Table 3, the overall rate of occurrence
(average number of planets per star) we find for Earth-
size planets is 18.4%, for orbital periods up to 85 days.
Similarly to the case for larger planets, our simulated
population of false positives and Earth-size planets is a
good match to the KOIs in this class, without the need
to invoke any dependence on the mass of the host star
(see Figure 9).
Among the Earth-size planets that we have randomly

assigned to KIC target stars in our simulations, we find
that approximately 23% have SNRs above 7.1, but only
about 10% would be actually be detected according to
our ramp model for the Kepler recovery rate. These
are perhaps the most interesting objects from a scientific
point of view. Our results also indicate that 12.3% of the
Earth-size KOIs are false positives (Table 1). This frac-
tion is small enough to allow statistical analyses based
on the KOI sample, but is too large to claim that any
individual Earth-size KOI is a bona-fide planet without
further examination. Ruling out the possibility of a false
positive is of critical importance for the goal of confi-
dently detecting the first Earth-size planets in the hab-
itable zone of their parent star.
On the basis of our simulations we may predict the

kinds of false positives that can most easily mimic an
Earth-size transit, so that observational follow-up efforts
may be better focused toward the validation of the plane-
tary nature of such a signal. Figure 10 shows a histogram
of the different kinds of false positives that result in pho-

Superearths (1.25 - 2 REarth)

666 KOIs, FPR = 8.8 %

KOIs (Batalha et al. 2012)

Simulated False Positives
Simulated FP + planets

KS prob = 4.9 %
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Fig. 8.— Similar to Figure 4, for super-Earths.

tometric signals similar to Earth-size transiting planets,
as a function of their magnitude difference compared to
the Kepler target.
There are two dominant sources of false positives for

this class of signals. One is background eclipsing bi-
naries, most of which are expected to be between 8
and 10 magnitudes fainter than the Kepler target in
the Kp passband, and some will be even fainter. The
most effective way of ruling out background eclipsing
binaries is by placing tight limits on the presence of
such contaminants as a function of angular separation
from the target. In previous planet validations with
BLENDER (e.g., Fressin et al. 2011; Cochran et al. 2011;
Borucki et al. 2012; Fressin et al. 2012) the constraints
from ground-based high-spatial resolution adaptive op-
tics imaging have played a crucial role in excluding many
background stars beyond a fraction of an arcsec from the
target. However, these observations typically only reach
magnitude differences up to 8–9 mag (e.g., Batalha et al.
2011), and such dim sources can only be detected at
considerably larger angular separations of several arc-
sec. Any closer companions of this brightness would be
missed. Since background eclipsing binaries mimicking
an Earth-size transit can be fainter still, other more pow-
erful space-based resources may be needed in some cases
such as choronography or imaging with HST.
Another major contributor to false positives, accord-

ing to Figure 10, is larger planets transiting a physically

HARPS: 
Mayor et al. (2011)

Kepler: 
Fressin et al. (2013)1168 C. Mordasini et al.: Extrasolar planet population synthesis. II.

Fig. 3. Planetary initial mass function, corresponding to the moment in
time when the gaseous protoplanetary disk disappears. Several mech-
anisms can subsequently modify the distribution. The largest changes
are expected to occur at low masses (below ∼10−20 M⊕). The plane-
tary IMF (or PIMF) has a complex structure with several minima and
maxima (see text).

accreted most of the solids in the inner part of the disk once they
reach small semimajor axes, so that they have a minimal mass of
the order of 10 M⊕ at 0.1 AU. Note that the faster the type I mi-
gration, the lower this mass limit is (Paper I, Sect. 5.9.2). Growth
beyond the isolation mass to final masses by giant impacts be-
tween different “failed cores” would tend to fill the depleted re-
gion. We can roughly estimate the mass to which Super Earth
planets could grow by this process in-situ. If all solids origi-
nally present are incorporated into the planets, and their final
relative spacing is of the order of ∆a ∼ a/3, as in the solar sys-
tem (Goldreich et al. 2004), then planets as massive as 10 Earth
masses could form at 0.1 AU in the most metal rich disk, which
would, at least partially, fill the depleted region.

This second depletion, which is also in visible in the plane-
tary mass spectrum (Sect. 5.3.1), is therefore not a robust predic-
tion of the model, and could in principle disappear once planet
growth after disk dispersion is included in the model. Note that
for the statistical comparison of the detectable synthetic plan-
ets with our comparison sample of actual known exoplanets, this
does not constitute a problem.

5.2.2. Detectable sub-population

Panel (B) in Fig. 2 shows the sub-population of the potentially
detectable synthetic planets which remains after applying the
εRV,MC = 10 m/s synthetic bias of Sect. 3.1. The sharp cutoff at
about 4.6 AU corresponds to a 10 year period of the assumed ob-
servational baseline τRV,MC. The observational comparison sam-
ple with Nobsreal = 32 real extrasolar planets is overplotted as
large dots. The most striking feature is that our synthetic MC sur-
vey is able to detect just a small fraction of the underlying full
planet population, between 8.7% to 10.7% of all synthetic plan-
ets (Table 1). As expected, the planets detectable at 10 m/s are
Saturn to Super Jupiter class planets, plus a handful of planets
with intermediate masses (∼50 M⊕) close to the star. Even if

radial velocities measurement in the last few years have reached
a precision much better than 10 m/s (see Sect. 6.2 for the de-
tectable sub-population at εRV,MC = 1 or 0.1 m/s), we still can
conclude that the currently known extrasolar planets are just the
tip of the iceberg of the real underlying population, as discov-
eries at the 1 m/s level still require a large investment of obser-
vational time and are restricted to small semimajor axes. At the
high mass end, we see that the “outer group” represents a signif-
icant reservoir of very massive planets at larger semimajor axes.
We note that Cumming et al. (2008, their Fig. 5) have shown that
in the Keck Planet search program, a group of very massive can-
didates (M sin i ! 20 M!) at periods !2000 d (a ! 3 AU) exists
which have not yet been announced. Such very massive objects
are virtually absent in the model at smaller semimajor axes (and
especially do not reach the feeding limit), in agreement with ob-
servations (Udry et al. 2003).

In the statistical comparison of the detectable sub-population
with the observational comparison sample we find with the two
dimensional KS test of the a−M sin i distribution a significance
of 87.7% that the two populations come from the same parent
population. To our knowledge, this is the first time that it is
shown that a theoretical formation model is able to reproduce
in a quantitative way the observed mass-distance distribution of
an adequate comparison sample of extrasolar giant planets.

Even if we have determined the two most important param-
eters of the model, α and fI, by fitting the detected planet popu-
lation, getting an agreement for any combination of parameters
is a nontrivial result. First, a certain number of elements were
given, such as the formation model itself and the probability dis-
tributions for fD/G, Σ0, and Ṁw, which were derived from ob-
servations. Second, the number of observational constraints that
must be reproduced concurrently with one population is large
(Sect. 4.1), while the number of free parameters is small. Third,
at least one of the parameters, α, can only be varied within
about one order of magnitude as observational constraints ex-
ist (King et al. 2007). Finally, varying parameters has complex
consequences on the characteristics of the population, thereby
limiting the possibility of forcing the system in a particular di-
rection. We therefore interpret this result together with the others
of this section as an indication that the core accretion mechanism
as described here, while still being extremely rudimentary, must
successfully reproduce several essential aspects of giant planet
formation.

5.3. Mass M sin i

The second distribution we have compared statistically is the
mass distribution. It is clear that good results in the 2D a−M sin i
distribution imply to some extent good results for the 1D distri-
butions of M sin i and a separately (whereas the opposite is not
true). It is nevertheless worth studying these important distribu-
tions separately, as they have been discussed extensively from
both an observational and theoretical point of view (e.g. Udry
& Santos 2007; Ida & Lin 2004b), and because it is simpler in
this way to gain insights into the differences between model and
observation than in the 2D case.

5.3.1. Planetary IMF

Before comparing the detectable sub-population with the real
observations, it is interesting to have a look at the underlying,
unbiased mass distribution of the full synthetic population, as
this can have important implications for future planet search

Simulation: 
Mordasini et al. (2009)

Mpsin(i) RpMp
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these second and third transiting planets boosts the total number
of planets per cell (and hence the occurrence) by 21–28% over
the P = 50–400 d, RP = 1–4 R⊕ domain (SI Appendix).
Even with our careful vetting of eKOIs, the light curves of

some false-positive scenarios are indistinguishable from planets.
Fressin et al. (7) simulated the contamination of a previous KOI
(4) sample by false positives that were not removed by the Kepler
Project vetting process. They determined that the largest source
of false positives for Earth-size planets are physically bound stars
with a transiting Neptune-size planet, with an overall false-positive
rate of 8.8–12.3%. As we have shown (Fig. 2), the occurrence of
Neptune-size planets is nearly constant as a function of orbital
period, in logP intervals. Thus, this false-positive rate is also nearly
constant in period. Therefore, we adopt a 10% false-positive rate
for planets having P = 50–400 d and RP = 1− 2 R⊕. Planet oc-
currence, shown in Figs. 2 and 3, has not been adjusted to account
for false positives or planet multiplicity. The quoted errors reflect
only binomial counting uncertainties. Note that for Earth-size
planets in the 50–100 and 100–200 d period bins, planet occur-
rence is 5.8 ± 1.8% and 3.2 ± 1.6%, respectively. Corrections due
to false positives or planet multiplicity are smaller than fractional
uncertainties due to small number statistics.

Planet Occurrence and Stellar Light Intensity. The amount of light
energy a planet receives from its host star depends on the lu-
minosity of the star ðLpÞ and the planet-star separation (a).
Stellar light flux, FP, is given by FP =Lp=4πa2. The intensity of
sunlight on Earth is F⊕ = 1:36 kW m−2. We compute Lp using
Lp = 4πR2

pσT
4
eff , where σ = 5:670× 10−8 Wm−2K−4 is the Stefan-

Boltzmann constant. The dominant uncertainty in FP is due to
Rp. Using spectroscopic stellar parameters, we determine FP to
25% accuracy and to 80% accuracy using photometric parame-
ters. We obtained spectra for all 62 stars hosting planets with P >
100 d, allowing more accurate light intensity measurements.
Fig. 4 shows the 2D domain of stellar light flux incident on

our 603 detected planets, along with planet size. The planets
in our sample receive a wide range of flux from their host stars,
ranging from 0.5 to 700 F⊕. We highlight the 10 small ðRP =
1− 2 R⊕Þ planets that receive stellar flux comparable to Earth:
FP = 0:25− 4 F⊕.

Because only two 1–2 R⊕ planets have FP < 1 F⊕, we measure
planet occurrence in the domain, 1–2 R⊕ and 1–4 F⊕. Correcting
for survey completeness, we find that 11 ± 4% of Sun-like stars
have a RP = 1− 2 R⊕ planet that receives between one and four
times the incident flux as the Earth (SI Appendix).

Interpretation
Earth-Size Planets with Year-Long Orbital Periods. Detections of
Earth-size planets having orbital periods of P = 200–400 d are
expected to be rare in this survey. Low survey completeness
ðC≈ 10%Þ and low transit probability (PT = 0.5%) imply that
only a few such planets would be expected, even if they are in-
trinsically common. Indeed, we did not detect any such planets
with TERRA, although the radii of three planets (KIC-4478142,
KIC-8644545, and KIC-10593626) have 1σ confidence intervals
that extend into the P = 200–400 d, RP = 1–2 R⊕ domain. We can
place an upper limit on their occurrence: f < 12% with 95%
confidence using binomial statistics. We would have detected
one or two such planets if their occurrence was higher than 12%.
However, one may estimate the occurrence of 1–2 R⊕ planets

with periods of 200–400 d by a modest extrapolation of planet
occurrence with P. Fig. 5 shows the fraction of stars with 1–2 R⊕
planets, whose orbital period is less than a maximum period, P,
on the horizontal axis. This cumulative period distribution shows
that 20.4% of Sun-like stars harbor a 1–2 R⊕ planet with an
orbital period, P < 50 d. Similarly, 26.2% of Sun-like stars harbor
a 1–2 R⊕ planet with a period less than 100 d. The linear increase
in cumulative occurrence implies constant planet occurrence per
logP interval. Extrapolating the cumulative period distribution
predicts 5:7+1:7−2:2% occurrence of Earth-size ð1− 2 R⊕Þ planets
with orbital periods of ∼1 y (P = 200–400 d). The details of our
extrapolation technique are explained in SI Appendix. Extrapo-
lation based on detected planets with P < 200 d predicts that
5:7+1:7−2:2% of Sun-like stars have an Earth-size planet on an Earth-
like orbit (P = 200–400 d).
Naturally, such an extrapolation carries less weight than a di-

rect measurement. However, the loss of Kepler’s second reaction
wheel in May 2013 ended observations shortly after the com-
pletion of the nominal 3.5-y mission. We cannot count on any
additional Kepler data to improve the low completeness to Earth
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Fig. 4. The detected planets (dots) in a 2D domain similar to Figs. 1 and 2. Here, the 2D domain has orbital period replaced by stellar light intensity, incident
flux, hitting the planet. The highlighted region shows the 10 Earth-size planets that receive an incident stellar flux comparable to the Earth: flux = 0.25–4.0
times the flux received by the Earth from the Sun. Our uncertainties on stellar flux and planet radii are indicated at the top right.
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22 ± 8 % of Sun-like 
stars harbor an Earth-
size planet in the HZ
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Planet statistics need:

• Accurate false-positive rate

• Accurate pipeline completeness

• Accurate planetary radius (based on accurate stellar radius)

• Accurate definition of the HZ

• High number statistics

• No extrapolation
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Kepler field
F0 Near Galactic Anti-center
    M35, NGC2305
F1 North Galactic Cap
F2 Near Galactic Ctr M4, M80, M19, 
    Upr Sco, rhoOph
F3 South Galactic Cap
F4 M45 (Pleiades), NGC1647,
    Hyades Taurus
F5 M44 (Beehive), M67
F6 North Galactic Cap
F7 Near Galactic Center, NGC6717
F8 South Galactic Cap
F9 Galactic Center, Baade’s Window

Fig. 6.— The Galactic distribution of oscillating red giants accessible to K2 is compared to

those observed by Kepler and CoRoT. Asteroseismology allows K2 to measure the masses, radii,

distances, and ages of these stars.
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• Space-photometry revolution = planet-diversity revolution (super-Earths & Brown 

dwarfs).
• TTVs: efficient technique to characterize exoplanets based on photometric 

data.
• Some discrepancy exists between RVs’ and TTVs’ mass (need to be further explored).
• Planet-validation tools (e.g. BLENDER, PASTIS) can establish the planetary nature 

of small & cool planets.
• CoRoT & Kepler provided constraints on planet statistics (occurrence rates, 

distribution, etc..)  mostly based on their radius.
• Need more characterized planets to derive statistics of rocky, Neptune-like, ... 

planets.
• Occurrence rates from CoRoT and Kepler give different results ➙ different 

stellar population ?
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Fig. 3. Planetary initial mass function, corresponding to the moment in
time when the gaseous protoplanetary disk disappears. Several mech-
anisms can subsequently modify the distribution. The largest changes
are expected to occur at low masses (below ∼10−20 M⊕). The plane-
tary IMF (or PIMF) has a complex structure with several minima and
maxima (see text).

accreted most of the solids in the inner part of the disk once they
reach small semimajor axes, so that they have a minimal mass of
the order of 10 M⊕ at 0.1 AU. Note that the faster the type I mi-
gration, the lower this mass limit is (Paper I, Sect. 5.9.2). Growth
beyond the isolation mass to final masses by giant impacts be-
tween different “failed cores” would tend to fill the depleted re-
gion. We can roughly estimate the mass to which Super Earth
planets could grow by this process in-situ. If all solids origi-
nally present are incorporated into the planets, and their final
relative spacing is of the order of ∆a ∼ a/3, as in the solar sys-
tem (Goldreich et al. 2004), then planets as massive as 10 Earth
masses could form at 0.1 AU in the most metal rich disk, which
would, at least partially, fill the depleted region.

This second depletion, which is also in visible in the plane-
tary mass spectrum (Sect. 5.3.1), is therefore not a robust predic-
tion of the model, and could in principle disappear once planet
growth after disk dispersion is included in the model. Note that
for the statistical comparison of the detectable synthetic plan-
ets with our comparison sample of actual known exoplanets, this
does not constitute a problem.

5.2.2. Detectable sub-population

Panel (B) in Fig. 2 shows the sub-population of the potentially
detectable synthetic planets which remains after applying the
εRV,MC = 10 m/s synthetic bias of Sect. 3.1. The sharp cutoff at
about 4.6 AU corresponds to a 10 year period of the assumed ob-
servational baseline τRV,MC. The observational comparison sam-
ple with Nobsreal = 32 real extrasolar planets is overplotted as
large dots. The most striking feature is that our synthetic MC sur-
vey is able to detect just a small fraction of the underlying full
planet population, between 8.7% to 10.7% of all synthetic plan-
ets (Table 1). As expected, the planets detectable at 10 m/s are
Saturn to Super Jupiter class planets, plus a handful of planets
with intermediate masses (∼50 M⊕) close to the star. Even if

radial velocities measurement in the last few years have reached
a precision much better than 10 m/s (see Sect. 6.2 for the de-
tectable sub-population at εRV,MC = 1 or 0.1 m/s), we still can
conclude that the currently known extrasolar planets are just the
tip of the iceberg of the real underlying population, as discov-
eries at the 1 m/s level still require a large investment of obser-
vational time and are restricted to small semimajor axes. At the
high mass end, we see that the “outer group” represents a signif-
icant reservoir of very massive planets at larger semimajor axes.
We note that Cumming et al. (2008, their Fig. 5) have shown that
in the Keck Planet search program, a group of very massive can-
didates (M sin i ! 20 M!) at periods !2000 d (a ! 3 AU) exists
which have not yet been announced. Such very massive objects
are virtually absent in the model at smaller semimajor axes (and
especially do not reach the feeding limit), in agreement with ob-
servations (Udry et al. 2003).

In the statistical comparison of the detectable sub-population
with the observational comparison sample we find with the two
dimensional KS test of the a−M sin i distribution a significance
of 87.7% that the two populations come from the same parent
population. To our knowledge, this is the first time that it is
shown that a theoretical formation model is able to reproduce
in a quantitative way the observed mass-distance distribution of
an adequate comparison sample of extrasolar giant planets.

Even if we have determined the two most important param-
eters of the model, α and fI, by fitting the detected planet popu-
lation, getting an agreement for any combination of parameters
is a nontrivial result. First, a certain number of elements were
given, such as the formation model itself and the probability dis-
tributions for fD/G, Σ0, and Ṁw, which were derived from ob-
servations. Second, the number of observational constraints that
must be reproduced concurrently with one population is large
(Sect. 4.1), while the number of free parameters is small. Third,
at least one of the parameters, α, can only be varied within
about one order of magnitude as observational constraints ex-
ist (King et al. 2007). Finally, varying parameters has complex
consequences on the characteristics of the population, thereby
limiting the possibility of forcing the system in a particular di-
rection. We therefore interpret this result together with the others
of this section as an indication that the core accretion mechanism
as described here, while still being extremely rudimentary, must
successfully reproduce several essential aspects of giant planet
formation.

5.3. Mass M sin i

The second distribution we have compared statistically is the
mass distribution. It is clear that good results in the 2D a−M sin i
distribution imply to some extent good results for the 1D distri-
butions of M sin i and a separately (whereas the opposite is not
true). It is nevertheless worth studying these important distribu-
tions separately, as they have been discussed extensively from
both an observational and theoretical point of view (e.g. Udry
& Santos 2007; Ida & Lin 2004b), and because it is simpler in
this way to gain insights into the differences between model and
observation than in the 2D case.

5.3.1. Planetary IMF

Before comparing the detectable sub-population with the real
observations, it is interesting to have a look at the underlying,
unbiased mass distribution of the full synthetic population, as
this can have important implications for future planet search

Mordasini et al. (2009)
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TABLE 1
Detection Rates per Stars410

Category n ≥ 0 n ≥ 2 n ≥ 3 Kepler

MPU . . . . . . . 1.43 0.74 0.39 0.004
MSU . . . . . . . 4.56 2.92 2.27 0.01
MSDF . . . . . . 1.90 1.52 1.26 28.60
MSDT . . . . . . 1.64 1.20 0.98 0.23
GSU . . . . . . . . 0.00 0.00 0.00 0.81

Fig. 2.—Histograms of star density vs. J!K color, in units of stars per
square degree per 0.05 mag bin, in a sample with . Thick solid curve:R ≤ 12
Observations from the 2MASS catalog for the STARE Cygnus field. Thin solid
curve: Model for main-sequence stars only. Dashed curve: Model for giants
only. Hatched area: Stars with radii less than 1.3 solar radii.

Fig. 3.—Marginal probabilities for bins in , for the cases MSU (solidlog d
line), MPU (dashed line), MSDF (dot-dashed line), and MSDT (triple–
dot-dashed line). The hatched area shows those MPU systems with depths
exceeding 1%. All are estimated assuming a survey that is magnitude-limited
at , with no deleterious effects from the observing window function.R p 12

Mayor, & Santos (2003) have remarked on it also, arguing that
it carries information about the migration (or, less likely, for-
mation) process that places massive planets in the orbits they
now occupy.
In the interest of simplicity, I assumed that the distribution

of planet radii is uniform between 0.08 and 0.15 solar radii
(0.78–1.46 Jupiter radii). This spans the range from objects
slightly smaller than Saturn to ones slightly larger than HD
209458b. I ignored the likely relation between a planet’s equi-
librium temperature and its radius.
Finally, one must consider the probability that transits with a

particular period will be observed, given a realistic set of ob-
serving epochs. The observing window is a major concern for
ground-based observations but will presumably be less important
for those from spacecraft. Except in cases with unusually low
noise, detections of single transits are almost useless (because
many processes make false signals that look like isolated tran-
sits), and two-transit detections are suspect. The most reliable
cases are those with three ormore transits. For a typical observing
run using the STARE telescope (211 hr of observation on 38
individual nights, spread over an interval of 91 days), even for
periods as short as 3 days, the probability of seeing three transits
with the observations just described is only about 0.5. For longer
periods, the visibility drops sharply, accentuating the already
strong bias toward short-period planets.

3. DETECTION RATES FOR ANDR ≤ 12 d ≥ .01

Based on the assumptions described in the previous sections,
I computed detection rates for Jovian planets and for the four
false alarm categories for a survey with properties similar to
Vulcan or STARE. To do this, I integrated the probability den-
sities over all stellar types, over periods in the range 1 day ≤

days, over relative depths , and overP ≤ 30 0.01 ≤ d ≤ 0.05
transit durations days. (The lower limit0.06 days ≤ d ≤ 0.25
on d comes from detectability considerations, but few addi-
tional transits would be counted if it were lowered to zero.) I
assumed a confusion radius of 20! (about 1.8 detector pixel
widths, for these systems) and a limiting R magnitude of 12.
The second, third, and fourth columns of Table 1 show the
estimated detection rates per 104 stars (this being approximately
how many stars one can observe simultaneously with current
facilities), for detection of at least zero, two, and three transits,
assuming the observing window function described in the pre-
vious section.
The most important result from Table 1 is the low rate of

planet detection—only about 0.4 detection per 104 stars, for
three-transit detections. Naive estimates give detection rates
about 5 times larger than this. Nevertheless, the value from
Table 1 is probably an overestimate since a proportion of main-
sequence stars are members of close binaries in which small
planetary orbits would be unstable and since image crowding
and other effects make it difficult to achieve 1% photometric
precision for all target stars.
There are two principal reasons for the small expected rate of

planet detection. The first is the low efficiency of single-site
observations, as already discussed. The second is best illustrated
by using the luminosity function and color-color relations to
construct a histogram showing the expected number of observed
stars per square degree as a function of J!K color. Figure 2
shows this histogram, as calculated from the various model re-
lations and also as observed for the STARE Cygnus field, using
the Two Micron All Sky Survey (2MASS) catalog as the source
of J!K colors. In Figure 2, stars with are almostJ!K ≤ 0.35
exclusively dwarfs, while those with are predomi-J!K ≥ 0.5
nantly giants. The hatched area, containing only 14% of all stars,
shows those stars with radii less than 1.3 , i.e., those forR,

which a central transit by a fairly large planet would have d ≥
. Thus, even among main-sequence stars, only about a third0.01

of the stars in the sample will have radii small enough for transits
to be observed in a routine way. Moreover, any failings in pho-
tometric precision cause a disproportionate decrease in the planet
catch. Figure 3 shows the expected distribution of d for transits
by planets, by main-sequence binaries, and by diluted binary
and triple systems. Only about a third of all planetary transits
should have d as large as 0.01, and the fraction drops rapidly as
the d threshold is raised.

Brown (2003)


